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Abstract

We design a simple non-cooperative mechanism in the classs of NTU-
games. We study it in the context of a particular class of pure exchange
economies. When the corresponding NTU game (N, V) satisfies that
V (N) is flat, the only payoff which arises in equilibrium is the Shapley
NTU value.

1 Introduction

The Shapley value (Shapley, 1953) is considered as one of the most important so-
lution concepts in the class of transferable utility games (TU games). However,
its generalization to nontransferable utility games (NTU games) is not clear.
For NTU games, there are three main solution concepts which generalize the
Shapley value: The Harsanyi value (Harsanyi, 1963), the Shapley NTU value
(Shapley, 1969), and the consistent value (Maschler and Owen, 1989, 1992).
Some characterizations for these values are given by Harsanyi (1963), Aumann
(1985) and Hart and Mas-Colell (1996), respectively.

Moreover, Hart and Mas-Colell (1996) design a non-cooperative mechanism
such that the consistent value arises in subgame perfect Nash equilibria. As far
as we know, no similar result has been obtained for the Harsanyi value nor the
Shapley NTU value.

In this paper, we describe a simple mechanism of negotiation. The main idea
of the mechanism is the creation and further ampliation of a union or society
of players. The members of this society agree on a rule to share their resources.
Players outside the society can apply to enter the society by agreeing on the
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established internal rule. However, in the admission negotiation, candidates may
also propose to change the internal rule on entrance. Furthermore, unanimity
is required among every member of the society to change the rules.

Notice that a similar mechanism is used by supranational institutions such
like the European Union or NATO when new countries apply to join. In the
particular case of the European Union, refusal from any current member may
abort this ampliation. Thus, unanimity is required in changing the rules.

Surprisingly, in a particular class of games, the mechanism described above
implements the Shapley NTU value. This provides further support to this value.
The particular class of games we should restrict ourselves to are games (N, V)
such that V (V) is delimited by a hyperplane.

An example of such a game may be find in the following particular environ-
ment. Consider a pure exchange economy where big Factories acquire products
from farmers, who have limited liability. Suppose that the government would
like to favor the productivity of the farmers?, avoiding the factories to take ad-
vantage of farmers’ lack of liability. Our analysis shows that this handicap can
be avoided by forcing the proposed mechanism. The Shapley NTU value, as
opposed to other values, such like Harsanyi’s and consistent, provide all agents
(both farmers and factories) with the Shapley value of the game which arises
from the economy when a common utility is freely transferable.

Next example is an adaptation of the game presented by Owen (1972). It
has also been used by Hart and Kurz (1983) and Hart and Mas-Colell (1996):

Example 1 Consider a pure exchange economy with three players {1,2,3} and
three commodities {x,y1,y2}. Initial endowments are given by:

2 = (0,1,0)
29 = (0,0,1)
2 = (1,0,0)

and utility functions are given by

up (2,y1,92) = x-+min{y;,ya}

1 .
u (2, y1,y2) = x+Zmln{y17y2}
up (w,y1,92) = w+min{y;, gy} — 1.

Thus, commodity x (money) is additive and linear in every player’s utility
function. Commodities y1 and ys may be considered as ‘left gloves’” and ‘right
gloves’, respectively. Players only get utility from pairs of gloves. However,
player 2 does not have as much production (or selling) ability as the rest of the
players. If players had unlimited liability, players 1 and 2 could agree on the
consumptions z; = (—%, 1, 1) and zy = (%,0,0), so that the final payoff would

be (3,4,0).

2A similar idea may be found in Dam and Pérez-Castrillo (2001), were they present a
model with tenants and landowners, tenants with limited liability.



However, if we consider only nonnegative commodities, the above consump-
tions are not feasible. We are, thus, in the context of the non-transferable utility
(NTU) game given by

V({i}) = {teﬂw :th} for alli € {1,2,3}
v = {nn R0 in i <ln 2102
V({i,3}) = {(ti,tg) eRU 4, 44, <0,t; <185 < o} for alli € {1,2}

V({1,2,3})

5
{(tl,tz,tg) ERUM ity 1y 43 <1t <21 < 3 < 1}.

Thus, player 3 (the banker) is needed as a catalyst. Players1 and 2 may then
agree to share part of their resources (pair of gloves) with player 3 in exchange
of his services.

In particular, the Harsanyi value proposes a payoff of (%, %, %) For example,
players 1 and 2 sell their shoes to player 3 at a exchange rate of 5 pairs for 4
currency units.

The consistent value, however, proposes a payoff of (%,%,%), i.e. since
player 2 has the low production ability, he is the one who has to pay player 3.

Finally, the Shapley NTU value proposes a payoff of (%, %, 0). For example,
players 1 and 2 sell their shoes to player 3 at a exchange rate of 1 pair for 1
currency unit. Notice that this payoff is the same players would have agreed
upon player 1 should initially have enough money.

It may be argued that, since player 3 is not a dummy in the game V (the final
payoff of (%, %, O) is not attainable without him), he must receive more than 0.
However, player 3 does not contribute with any additional production capability.
He just provides the other players with money so that trade may freely happen.
We may want to incentive the production of goods and not the lending of money.
Thus, player 3 should not get profit from the simple fact to have money when
others do mot have it. In this context, the Shapley NTU value seems a much
fairer allocation.

In our pure exchange economy, two conditions must hold:

1. The farmers have limited liability. The Factories have unlimited liability.

2. Production in Factories is much more efficient than in farms. Thus, it is
optimal (in the sense of maximizing aggregate utility) for the Factories to
hold all the non-monetary commodities.

The first condition implies that the farmers may be in an inferior position
with respect to the Factories. If every player had unlimited liability, we would
be in a transfer utility (TU) context, and our mechanism would implement the
Shapley value. In Example 1, players 1 and 2 play the role of farmers, and
player 3 is the Factory.



The second condition implies that the farms produce not for domestic con-
sumption, but for selling to the Factories. Efficiency may be achieved with only
money assigned to farmers. In example 1, the consumptions z; = (%, 0, 0) 29 =
(%, 0,0) , 23 = (0,1,1), which held the Shapley NTU value, maximize the aggre-
gate utility and give player 3 (the Factory) all the gloves.

In our mechanism, there is a society whose members (we call them active
players) have agreed on the way to share their resources (i.e. they have agreed
on a consumption sharing rule or simply a rule). There is also a set of players
(passive players) who have had the chance to join the society but they have
rejected to do so. The rest of the players are called candidates. Candidates
sequentially negotiate their admission to the society. The process of negotiation
is as follows. The candidate may simply join the society as it is, i.e. he agrees
on the rule. In this case, the society gets a new member and next candidate
is called upon. If the candidate does not agree on the rule, he may propose
a new rule and even suggest some of the passive players to join the society
with him. If every member of the proposed new society accepts this offer, this
new society forms with the suggested rule. Otherwise, the candidate becomes a
passive player and next candidate begins negotiations. Once there are no more
candidates, the coalition of active players is formed and its members get the
payoff given by the agreed single value. The passive players get nothing.

Notice that a passive player is, somehow, out of the game at least some
candidate suggests him to join the society.

In section 2, we present the notation and in section 3, we present formally
the mechanism and prove that every subgame perfect equilibrium yields the
Shapley NTU value.

2 Pure-exchange economies and the Shapley NTU
value

We consider pure-exchange economies with [ commodities and n = ny + np
players, ny > 0 of them farmers and np > 1 of them factories. The set of
farmers is denoted by Ny and the set of factories by Np. We assume without
loss of generality N := Ny UNp = {1,2,...,n}.

1. A consumption z; for player ¢ € Ny (resp. Np) is a pair (z;,y;) such that
x; € Ry (resp. R) and y; € Rfl. Player i is characterized by an initial
endowment 2 = (ac,?,y?) € ]Rl_|r and a utility function w; : ]Rl_|r — R (resp.
u; : R x RITY — R) such that w; (2;) = ; + u (y;) for some continuous,
nondecreasing function u} : Rﬁr_l — R satisfying u] (y?) = 0 (this is a
normalization condition without consequence).

Notice that the additivity separability and linearity in x; of u; permits utility
transfers among players. However, the nonnegativeness of x; when 7 € Ny
restricts these transfers when farmers are involved (they have limited liability).



Given a coalition S C N, we denote by Q° the set of feasible consumptions
for players in S, i.e.

0% = {z = (2i);es i € RQW e NyN S,z € Rx nglw € NFﬂS,Zzi < Zz?

i€es  ies
2. There exists a y™ € R with y = 0 for all i € Ny such that

Zu; (y) = max {Zu; (i) : (z,y) € QN for some 2 € RN} .

iEN €N

We assume endowments to be known by the planner. Furthermore, the
planner is capable of forcing any feasible consumption. However, the planner
does not know the particular utility functions.

We denote by E (N) the set of all economies e = (Ny, Nr, 2", (u;),c ) sat-
isfying 1 and 2. A consumption sharing rule is a function v which assigns to
each e € E (N) a feasible consumption v (e) € V. Let T be the set of all con-
sumption sharing rules on E (N) for some N. In particular, we define v° € T’
by

Y (e) =2

for all e = (N, Np, 2% (ui);cn) € E (N).

Fix e = (Ny, Np, 2% (u;);c ) € E(N). We can define the associated non-
transferable utility game (NTU game) as a pair (N, V) where V¢ is a set-valued
correspondence (called characteristic function) that assigns to every coalition
S C N asubset V (S) C R® with represents the utility that players in V can
get by themselves by cooperating, i.e.

VE (S) = {(u’t (zi))’iES S RS Lz e QS} .
Next properties can be easily deduced for V¢:

(A1) For each S C N, the set V¢(S) is nonempty, closed, convex and bounded
above (i.e., for each t € R, the set {t' € V¢(S) : ' >t} is compact).

(A2) For each i € N, max{t:te Ve ({i})} = 2.

(A3) Zero-Monotonicity: For each S C N, t € V(S5) and ¢ ¢ S, we have
(t,2?) € V (SU{i}). In particular, (x(;)jes € RS belongs to V(9).

Remark 2 Comprehensiveness is not required in this example. In particular,
the minimum utility a farmer 8 € Ny can get is ug (0).

}



Let IT the set of all orders of players in N. Given 7 € Il and ¢ € N, we

define P[ as the set of players who come before ¢ in the order 7. Namely:

Pr={jeN:n(j) <m(@)}.

For notational convenience, we denote Py, ; := V.
Let A = (\;);cn € RY, and let S C N, we define

o™ (S) := max {Z)‘iui (z;): z € QS} = max {Z/\iti iteVe (S)}

ies ieS
for all S C N when this maximum exists. Notice that, for A = 1y,
vINE(N) = Zx? + Zu; (v
iEN iEN

Assume v (S) exists for every S C N. Let w € II. We define d™ (), e) € RN
as the vector given by

&7 () = 3 [ (BF U {i)) — v (7))
for alli € N.
Notice that > \;dF (A, e) = v*¢ (N).
iEN

The Shapley value (Shapley, 1953) of (N, U)"e) is the average of all these
d™ (A e)’s:
1

Sh(\e) = WZCZ’T (A e) €RY.
mell

Clearly, >" \;Sh; (\,e) =vM¢ (N).

ieEN

A point t € V¢ (N) is a Shapley NTU wvalue (Shapley, 1969) of (N, Ve) if
there exists a vector A € RY, such that t = Sh(\,e).

Notice that the Shapley NTU value is defined on the space of utilities (which
is not checkable by the planner), wherever the consumption sharing rules are
defined on the space of commodities.

Next results are of interest:

Proposition 3 Given A € RY, and w €11, dT (\,e) > ) for alli € N.



Proof. Fix i € N and let z' € Q7 such that v™¢ (PF) = Y Au; (2]).

jEPT
Then, 2% := (21, 2) € QP71 and thus
NdT (A\e) = oM (PFU{i}) — o™ (PF)
= ¢ (Pru{i}) Z Ajuj (
JjeEPT
= “(PFu{i}) Z)\uj — i (2)) + Nad
JjeEPT
= U’\’e(PfU{i})— Z /\uJ +)\x
jePrU{i}

Proposition 4 There exists a unique Shapley NTU value of (N, VA’E), and it
can be obtained with A = (1,...,1).

Proof. Let 1y := (1,..,1) € RY,. By Proposition 3, we know that
Sh(1y,e) > 2% We prove that Sh(1y,e) € V (N).

Clearly, v'~¢(N) = Y af + >} (yM). We take (z,y) € QY with =
i€EN i€EN
given by:

i = Shi (1n,e) —u} (yM).

For i € Ny, uj (yM) = u(0) < 0 (notice that v’ is nondecreasing) and
sox; > > 0. Hence, (x,yM) is actually feasible. Moreover, u; (wz,yZM ) =
Sh; (1n,e) and thus Sh(1n,e) € V(N).

Let A € RY, such that Sh(\e) € V¢ (N).

Let a € Np. Assume there exists 3 € N such that A\, < A\g. Given any
M > 0 we will find a z = (2,9) € QVF such that > i (z) > M. We

1ENFp
can take x € RY such that z, = —%, T; = )\ﬁ% and x, = 0 for all

k€ N\{i,j}. Clearly, (z,y°) € Q. Moreover,

M
Zx\iui (xi,yl Z)\ u; (0 ) )\ W (Ag —Aa) =M.
iEN i€EN

Thus, there not exists v»¢ (N). This contradiction proves \; = \; for all
j € Np and \; > A; for all j € Ny.
Assume now there exists § € Ny such that Ao > Ag.
Let 2* € QY such that Sh; (A,e) = u; (2}) foralli € N. Since > A;Sh; (A e) =
i€EN
™€ (N), we deduce

Z)‘iu’i (') = v (N) = max {Z)‘iui (2): 2z € QN} :

i€EN i€EN



Furthermore, by Proposition 3, u; (z{\) > 2% foralli € N. Let 2* = (ac*, yM)
such that 2} = u; (2) —uj (yM) for alli € N\ {a, B}, 2}, = ua (23) +ugs <z§> -
uy, (yh') and o = —uj (yg/[) Since uj (yM) = uj (0) < 0 for all i € Ny and

Uy (z;\) +ug (zg‘) > acg + ac% > 0, we deduce that z* € Q. Furthermore,

D odwi(z) = Y Ao+ ()]

ieN iEN
= Z iU (Zl)\) + Ao ['Ufa (Zg) +up (Zg)]
ieN\{a,B}
= Z)\zul (ZZ)\) + ()\oz - )‘ﬁ) ug (Zg)
iEN

Since Y Aju; (2]) is maximum and ug <z§) > x% > 0, we deduce that either
iEN
ug <zg‘> =0or Ay < Ag. If ug <zg> = 0, player § is a null player® in both
(N, v’\’e) and (N,le’e). Thus, Shg (N,U’\’e) = Shg (N,le’e) = 0 and for
every no-null player i € N, \; = A,. Hence, Sh (N, UA’G) = Sh (N,UlN’e). [
>From now on, we denote d™ (1n,¢), Sh(1n,e) and v'¥:¢ as d™ (e), Sh (e)
and v, respectively.

Proposition 5 For each S C N andi ¢ S
ve (S U {i}) > v° (S) + V.

Proof. Let z* = (2*,y*) € Q° such that Y u; (zj) = v (S5). Clearly,
jES

> x} = Y 9. Furthermore, 2 := (2%, 2Y) € Q). Thus

JjeSs JjeSs
ve(S) = Z:c? + Zu; (v7)

JeES JeS

= ) D () + o (v)) —af
jESULi} jes

- Y W) -
jeSU{i}

IN

ve (S U {i}) — 2?.
]
Corollary 6 For any S, T C N such that S C T
ve (S) <v°(T).
3 A null player in (N,v) is a player ¢ € N such that v (S U {i}) = v (S) for all S C N\ {i}.

The Shapley value gives 0 to any null player. Furthermore, the Shapley value for the other
players does not change if we add or remove a null player from the game.




3 The non-cooperative mechanism

Players should form a society. First, an order of the players is randomly chosen.
Assume the order is (12...n). Player 1 should then present a rule* v € I'. No
restrictions (apart from feasibility) are imposed on 7. Player 2 may either agree
on v and join the society, or disagree on v and propose a new rule 7 to player 1.
If player 1 accepts (he votes ‘yes’), the society {1,2} forms with the new rule
¥, and turn passes to player 3. If player 2 rejects (he votes ‘no’), he remains
out of the society and turn passes to player 3.

In general, when turn reaches player i, he faces a society S C P with
certain rule 7, and a set of players W = P/\S who have chosen to stay out
of the society. Players in S, W and N\P/ are called active players, passive
players and candidates, respectively. Player i must then either agree to join
the society (in that case, player i becomes an active player and turn passes to
candidate i + 1) or disagree and propose both a new rule 7 and a new society
S C P™ U {i} which includes himself and all the members of the old one (i.c.
SU{i} ¢ S). The members of S\ {i} vote sequentially whether they accept
or reject this proposal. If all of them vote ‘yes’, the new society S forms with
the new value (we say then that the proposal is accepted), and turn passes to
candidate i 4 1. If at least one member of S\ {i} votes ‘no’, player i becomes a
passive player and turn passes to candidate i + 1.

Once there are no more candidates, we have a society S C NV of active players,
a rule « for the society, and a set W = N\S of passive players. Then, every
player i € S receives v, (S) and every player in W keeps his initial endowment
29, This means that the final payoff for each player i € S is u;7,; (S) and® the
final payoff for each player i € N\S is u; (z?) =29,

We now describe the mechanism M (e) formally. We first describe the games

M (e, m,i, W,~) and M(e,ﬂ,i, W,v). M (e, i, W,~) is the subgame which be-
gins when, given the order 7, turn reaches player ¢ and he faces a society of
active players S = PF\W with a proposed rule v € T', and a set of passive

players W. M (e, ,i, W, ) is the subgame which arises after player ¢ disagrees
in the subgame M (e, m, i, W, 7).

Let m € II be an order of the players. We can assume without loss
of generality that m = (12..n). Given i € NU{n+1}, v € T and
W C Pr, we inductively define the mechanisms M (e, 7,4, W,v) and

M (e, m,i, W,~) as follows.

In both M (e,7m,n+ 1,W,~) and M(e,ﬂ,n + 1, W, ), every player

i € N\W receives u;y; (N\W) and every i € W receives u; (2) =

0
xy.

Assume both M (e, m, j, W' +') and M(e, m, 4, W, ~') are defined for
all j >i,9" €"and W' C PT.

4> From now on, we use the term rule instead of the more cumbersome consumption sharing
rule.
5We write u;y; (9) instead of u; (v, (S)) .



In /J\/.T(e,w,i,VV,y), player i proposes a rule 7 € I' and a set W c
W. 1If all the members of PF\W vote ‘yes’ — they are asked in
some prespecified order — then the mechanism M (e, i+ 1, W, ﬁ)

is played. If at least one member of Pf\W votes ‘no’, the mechanism
M (e,m,i+1,WU{i},~) is played.

In M (e, m,i, W,~), player i can either agree or disagree on (W, 7). If
he disagrees, M (e, ,i, W, ) is played. If he agrees, M (e, m,i 4+ 1, W,~)
is played.

The mechanism M (e) consists in choosing randomly an order n’ €

I1, being each order equally likely to be chosen, and playing the game
M (e,n', 7'~ (1),0,7°).

Clearly, for any set of pure (mixed) strategies, this mechanism terminates in
finite time. Thus, the (expected) payoffs at termination are well-defined.

Let 7 € II. From now on, we assume without loss of generality that 7 =
(12...n).

Theorem 7 There exists at least a subgame perfect Nash equilibrium (SPNE)
in the negotiation mechanism M (e). Moreover, the only expected final payoff in
any SPNE is the Shapley NTU wvalue of the game (N, V).

Proof. First, we prove that there exists a SPNE. Then, we prove that every
SPNE yields the Shapley NTU value.

We consider the following set of strategies:

In the subgame M (e, 7w, n, W,~), player n agrees on (W,~) if and only if

Y (N\W) 2 0% (N) = 37wy (BTAW) = 3 af.

1€ePT\W i€eW

In the subgame M(e, m,n, W,v), player n proposes (0,7) such that 3 (N) =
(a:, yM) with x given by

x; = uyy; (PP\W) —uf (yM) for all i € PF\W
x; =) —u (yM) for alli € W
ap =0 (N) = 3wy (PI\W) = 3 2 —u;, ()

iePT\W iew

We check that 7 (N) is a feasible consumption; i.e. Y x; < . 2% and
iEN ieN
x; > 0 for all i € Ny:

Zwi =v°(N) — Zu; (yM) = Zx?

i€EN ieEN ieEN

Let 3 € Ny. We have

10



o If 3 € PT\W, then

x5 = ugyg (Py\W) —uj(0)
= Vg (P \W)+umgy (PR\W) — uj (0)
> Vg (PT\W)
> 0.

° IfﬁEW,thenxgzx%fu},(O)Zx%fu’ﬁ@g) :x%ZO.

o If 3 =mn, then

T, = ° (N) - Z Wi (P:LT\W) - Zx? - u;z (y%)

1EPT\W ieEW
= Y W W) Y e (B
1EN\W i€PT i€ PT\W
> Y Y w) - Y al = S e, (BW)
1EN\W i€PT i€ PT\W 1€PT\W
> 20 >0.

Thus, 7 (N) is a feasible consumption.
In the subgame M(e, m,n, W, v), assume player n proposes (Wﬁ) and i €
Pr \W Then, player i votes ‘yes’ if and only if

u; (N\W) > i (PT\W).

Fix i € N. Assume we have defined the strategies of the players in M (e, 7, j, W,~)

and M(e,w,j, W,~) for any j > i and any (W,~). We denote by a (j, W,~) the
final payoff in the subgame M (e, 7, j, W, ~) when players follow these strategies.
This value is well-defined for any j > ¢ and any (W,~).

We now describe the strategies in M (e, w, i, W, v) and M(e, w0, W, ).
In M (e, i, W, ), player i agrees if and only if

ai (i+ 1, W) > 0° (PRy) = Y a; (i+1L,WU{i},7). (1)
JEP7r

In the subgame M(e,w,z’, W,~), player ¢ proposes (,7) such that 5 (N) =
(z,y™) with & given by

xj=a; (i+1,WU{i},v) —u (y)7) for all j € P
T; = v° (‘P;I&-l) - ;} aj (/L+17WU{/L}7’7)_U’; (yzjw)

JEPT
xy = dF (v°) —uf (y') for all j > i.

(2)

11



We check later (Claim (IT) below) that this consumption 7 (V) is feasible.
In the subgame M (e,m, i, W,~), assume player i proposes (Wﬁ) and j €
PZ’T\/V\V/ Then, player j votes ‘yes’ if and only if

aj(z'+1,Wﬁ)zaj(z'+1,Wu{z'},7). (3)

It is straightforward to check that, under these strategies, player 1 proposes
(B,~™) with u;y™ (N) = dF (v) for all i € N and the rest of players agree on
it. Society is then formed with all the players and the final outcome is d” (v).
Hence the final expected final outcome is the Shapley NTU value.

In order to check that these strategies form a SPNE, we prove three claims:

Claim (I): Giveni € N, W C PF and vy €T

for all j € W.

We proceed by induction on ¢. For i = n, the result is straightforward.
Assume the result holds for ¢ + 1 and any W C P, v € I'. In the subgame

K2

M (e, 7,3, W, ), given j € W, three cases may occur:

1. Player ¢ agrees. Then, a; (i, W,7) = a; (¢ + 1, W, ), which is x? by induc-
tion hypothesis.

2. Player i disagrees, proposes ((},7) given as in (2), and this proposal is
accepted. Then, the rest of the players agree too and a; (i, W,v) =
u;¥; (N) =a; (i +1, WU {i},~), which is x(; by induction hypothesis.

3. Player i disagrees, proposes (},7) given as in (2), and this proposal is

rejected. Then, a; (i, W,7) = a; (i + 1, W U {i}, ), which is 7 by induc-
tion hypothesis.

Claim (II): Giveni € N, W C P and y €T

> a; (i, W,y) <o (PRAW).
jEPT

We proceed by induction on ¢. For ¢ = n, the result is straightforward.
Assume the result holds for i + 1 and any W C P, v € I'. In the subgame
M (e, i, W, ), two cases may occur:

1. Player ¢ agrees. Then

a(i,W,v)=a(i+1, W)

12



and

a; i+ 1,W,y) > v

e( i:»l

jePr

)= Y a;(i+1L,WU{i},y).

Thus, using induction hypothesis, Claim (I) and monotonicity of (N, v):

v (Pz?ll) +

D @GW) = Y a1 W) -
jeEPT JEPT,,

< 0 (P \W) -

< o (PR \W) -

<

< W (PPAW) = > af

JEW
< U (PIW).

2. Player i disagrees. Then

Now, we check that 7 (N)=

a; (ZJFLVV;’Y)

JEPT

aj (i, W,v) = a; (i + 1, WU {i},v)

for all j € PF.

Thus, using induction hypothesis and Claim (I):

Zaj (t+1,Wu{i},y)

> (i, Wy) =

Jjepry

<
<

JEN J>1
Given 3 € Ny:
1. eIfgepr,

jEPT

> a;(i+1,WUfi},)

v (PFy) + v (PR \(WU{i}) —a; i+ 1, WU {i},7)
v (PR \ (W U{i})) —a; (i + 1L, WU {i},v) — ng)

JEW

v (PR \(WU{i}) —a; (i + 1, WU{i},)
v (BI\W).

13

wg (

M

(z,y™) given by (2) is feasible:

=2 w5 () = Do

JEN

) > ug(0)

JEN



o If =1,
Ty = ve( i:»l)* ZCLJ(Z+1,WU{Z},’)/)7U;(ZJZNI)
jePF
> a;(i+1,WU{i},y) —u; (0) > 0.
o If 3 >4,
xg > dj (e) —uj (0) > af > 0.

Claim (I1): a; (i, W,7) > 29 for alli € N, W C P[ and y € T.

(3

In the subgame M (e, m, i, W, ), two things may happen:

1. Player ¢ agrees. Then:

a; (Z7W77) = a; (Z+17W7)
2 'Ue( i:»l)_ Za‘j(i"i_l?WU{i}?’y)
jEPT
= o (Ph) = Y a(i+LWU{i},9)
JEPT,
>+ (PRA\(WU{i}) = D a;(i+1,WU{i},”)
JEPT,
> 2.

7

2. Player ¢ disagrees. Then:

Q; (i,VV,’)/) =° (P;fi-l) - Z aj (7’+ 17WU {7’}7’7) > 1}?
jEPT

We now prove that these strategies form a SPNE.

Assume we are in the subgame M (e, 7, i, W, v) and player i proposes <W, ﬁ)
with j € PF\W.

If some player after player j is bound to vote ‘no’ should turn reach him,

player j is indifferent between voting ‘yes’ or ‘no’. Assume then the offer is
bound to be accepted should player j vote ‘yes’. By doing so, and given the

strategies of the rest of the players, player j gets a; (z +1, W, ﬁ) By rejecting,
however, player ¢ gets a; (¢ + 1, W U {i},~). Thus, it is optimal for player ¢ to
vote ’yes’ if and only if (3) holds.

Assume now we are in the subgame M (e, m,i, W,~) and assume player ¢

changes his strategy and proposes a different <,Wv,"?). If (3) does not hold for

14



some j € Pr \W, this player will vote ‘no’ and, by Claim (I), the final payoff for
player i is 20, i.e. not more than with thgv original strategy.

Assume then (3) holds for all j € PT\W. The proposal is then accepted and
the final payoff for player 7 is at most a; <2 +1, Wﬁ) However, by using (3),
Claim (I), Claim (II) and Claim (III):

3 g (z‘+1,Wﬁ) - Y q (z‘+1,Wﬁ)

JjePT JjEPT

v°© (Pﬂl\/W/) — Z a; (1 +1,WU{i},v) — Zx?

JEPF\W JEW

— e (PZH\W> =Y e (i+1L,WU{i},y)

JEPT

< v (PRa) = D a (i +1,WU{i},y)
jeEPF

a; (2 + 1,/W/ﬁ)

IN

and thus player i does not improve his final payoff.
Finally, assume we are in the subgame M (e, 7, i, W,~).
If (1) holds and player i disagrees on (W, ~), he will get at most

v (Ply) — Zaj(i+1,WU{i},7) (4)

JjEPT

which is not less than what he would get by agreeing. Thus, he will not improve
his final payoff by deviating.

If (1) does not hold and player i agrees on (W, ), he will get less than (4),
which is the payoff he obtains by not deviating. Thus, it is optimal for him to
disagree.

We now prove that every SPNE has the Shapley NTU value as expected final
outcome. Assume we are in an SPNE. Let b € V¢ (N) be the expected final
payoff. Let b(n’) € V¢ (N) be the expected final payoff conditioned to 7' € 11
be the chosen order. Thus,

1 /
b:ﬁZb(ﬂ).

' ell

We prove that b; (7) = dT (e) for all i € N.
Giveni € N, W C P and v € T, let b(i, W,v) € V¢(N) be the expected

final payoff in the subgame M (e, i, W,v), and let b (i, W,v) € V¢ (N) be
the expected final payoff in the subg;ame M (e, m,i,W,~). Notice that, by the
mechanism definition, b; (¢, W, ) > b; (i, W, ).

Given S C N, we define

ST:={ieS:PFCS}.

15



Thus, players in S™ are the first players out of S who come together in the
order . We also define

I'™ .= {7 el:~v(9) = (yj (S”))j,eS?r X (Z?)jES\S” for all S C N}.

Thus, I'" is the set of rules which do not share the resources of the players
after the first ‘gap’ in the coalition (with respect to 7).
We proceed by a series of claims.

Claim (A): Assume we are in the subgame M(e, 7,1, W,7) for some (W,~)
such that v € I'". If the proposal of player 7 is rejected the final payoff of any
player j € P, is ujy; (PF\W) (if j € PF\W) or 29 (if j € W U {i}). Namely:

e [ b LW UL} y) = upy; (PPAW) for all j € PF\W
i bj (i + 1, W U {i},7) =¥ for all j € WU {i}.

Claim (B): Assume player ¢ proposes (W, ?) in the subgame M (e,m, i, W,7)

for some (W,~). If b; (z + 1,/W/ﬁ) > b (i+1,WU{i},) for all j € P, then
the proposal is accepted.

Claim (C): Assume we are in the subgame M (e, w, i, W, ) for some (W, ).
Then, the final payoff for player i is not less than v® (Pfy ) — > w7y, (PF\W)—
JEPF\W

> . Namely
JEW

bi (1, W,7) = bi (1, W,7) > v (PR) — Y wyyy (PPAW) = >l
JEPF\W JEW

for all (W, 7).

Claim (D): Player i can assure himself a final expected payoff of at least
dT (e). Namely,

for all j < ¢ and all (W, ~).

(AVARAVS

Claim (E): Assume we are in the subgame M(e w1, W, ) for some (W,~)
such that v € I'". Then any player j € P[" gets a final payoff of u;vy; (PF\W)
(if j € PT\W) or 29 (lfj € W). Namely,

yeT™ — { Ej (i, W,7) = ujy; (PF\W)  for all j € PT\W

b; (i,VV,v):x? for all j € W.
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Claim (F): Assume we are in the subgame M (e, , i, W, ) for some (W,~)
such that v € I'". If player i disagrees on -, his final payoff is v¢ (P U {i}) —

> uyy; (PF\W) = > 9. Namely,
jePm\w JEW

Y ETT = bi (i, W,y) = v (Pla) = Dy (PAW) = ) _af.
JEPF\W JEW

Claim (G): Assume we are in the subgame M (e, , i, W, ) for some (W, )
such that v € IT'™ and

upyy, (N) > v (Plq) — Z ujy; (PEAW) — Zw (5)
JEPT\W JEW

for all k£ > i. Then player ¢ agrees on 7.
We prove these claims by induction on :.

Proof of Claim (A) for i = n: Trivial, since the final payoff in case of
rejection is

b(n+1,WU{n},v) = (ujyj (Pg\W))jePg\W X (x?)jEWU{n} .

Proof of Claim (B) for i = n: Assume players in P,’f\/W/ vote in the order
J1, 42, .-, ji- If turn reach player j;, i.e. there has been no previous rejection, it
is optimal for him to vote ‘yes’. If turn reach player j;_1, he anticipates player
ji’s reaction. Thus, it is also optimal for him to vote ‘yes’. By going backwards,
we prove the result.

Proof of Claim (C) for i = n: Assume Claim (C) does not hold for i = n.
Namely, there exists r > 0 such that

b (1, W) = (N) = 37 gy (PEAW) = S =1
JEPT\W JEW
Since player n can easily assure himself a final payoff of 29, we deduce that
vN) = D uy (BAW) = Dl —r >, (6)
JjEPT\W JEW

Let € € (0,7) and assume player n changes his strategy so that he disagrees
on (W, ) and proposes ((},7) such that 7 (N) = (a:,yM) with x given by

I .
= w7 (EP\W) + o=y = 45 (1)) for all j € PIAW
E .
xj:xg)_,_m_u;(y}/f) forall j € W
Ty =v"(N)— uj’yj(P’::\W) Zx —E—u, (yrjy)
JEPT\W JEW
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This rule is feasible:
ij =v°(N) — Zuj (yJM) = Zw?
JEN JEN JEN

Let j € N¢. If j # n, by arguments similar to those used in the proof of (2),
we can prove that z; > 0. Assume n € Ny. By (6)

x, = v°(N)-— Z Uj’Yj(P:LT\W)*Zﬂﬁ?*E*u;L(O)

JEPTAW jeEW
> 204 r—e—u,(0)>0
Hence, the rule is feasible.
Furthermore, it is straightforward to check that conditions of Claim (B) are

satisfied and thus (B,7) is accepted. Hence, the final payoff of player n is bigger
than b, (n, W, ). This contradiction proves Claim (C) for i = n.

Proof of Cliu'm (D) for i = n: Since turn eventuagy reaches player n and
by, (n, W,7) > by (n, W, ), it is enough to prove that b, (n, W,~) > d7 (e) for
any (W,~). By Claim (C),

by (0, W,y) 2 0% (N) = Y uyy; (PIAW) = Y af
JEPT\W JjeEW

let 2* € Q7 be given by 25 =, (PT\W) for all j € PT\W and z} = 2} for all
jew:

= 0" (N) = Yy (2%) 20 (N) — v () = dj, (e).

JEP]

Proof of Claim (E) for i = n: Assume Claim (E) does not hold for i = n. As-
sume first there exists a player j € PT\W such that Zj (n, W) <y (PAAW)
or a player 7 € W such that Ej (n,W,v) < x(;. This means that the offer of n
is accepted, but this is not possible because any player j in PT\W or W, by
rejecting, assures himself a payoff of w;vy; (P7T\W) or ac(;, respectively. This
contradiction proves that Ej (n, W) = ujy; (PYAW) for all j € PT\W and
b; (n, W,) > 29 for all j € W.

Assume now there exists either a player jo € PT \~W such that bj, (n, W,v) =
wjoYj, (PA\W) + 7 or a player jo € W such that bj, (n, W,7) = 29 +r with
r > 0. This means that the proposal of n (say, (/V\V/ﬁ)) is accepted and thus

his final payoff is by, (n, W,v) = u,9, (N \/V\V/) Furthermore

Zgj (n,W,7) > Z ugy; (PR\W) + Z$9+7’

VS JeEPT\W JEW
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and so

Un Ty, (N\W) <v®(N)-— Z u;y; (Pr\W) — Zw? -7

JEPT\W jew

Let ¢ € (0,r). Assume player n changes his strategy and proposes (@ﬁ)
with %(S) =0forall S ¢ N and %(N) = (x,y™) such that:

= u;y,; (PP\W) + —1 —uf (yJ ) for all j € PT\W
5 .
xj—acj—l—m— S(yJ) forall j € W
Tn =0 (N) = 3wy (PIAW) = 3 af —e—up, (vn)
JEPT\W JEW

By the same arguments used in the proof of Claim (C) for i = n, it is not
difficult to check that 7( ) is feasible. Furthermore, ¥ € I'". Moreover, by
Claim (B) this proposal is accepted by players in PT and thus the final payoff

n
for player n is u,7,, (N) > un7¥, (N \W) This contradiction proves Claim (E)
fori=mn

Proof of Claim (F) for i = n: Assume player n rejects (W, ~):

W’)/) - Zgj (nam7) - ZEJ (TL,W,")/)

jEN jEPT
by Claim (E) applied to i = n:

— ZEJ (n, W,v) — Z ujy; (PA\W) — ng

JEN JEPT\W JEW

< w(N)- Z u;y; (PR\W) — Zx

JEPI\W JEW
By Claim (C), equality holds and thus Claim (F) holds for i = n.

Proof of Claim (G) for i =n: Assume

UnYy, (N) >0 (N) — Z ujy; (P \W) — Zw

JEPT\W JEW
Then, it is optimal for n to accept v and obtain +,, (), since by Claim (F)

his maximal payoff after rejection is not more that this. Thus, Claim (G) holds
for i = n.

Assume now Claims (A), (B), (C), (D), (E), (F) and (G) hold for j > ¢
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Proof of Claim (A): Clearly, any player j € P/\W can assure himself a payoff
of u;y; (PF\W) by rejecting any new proposal. Notice that, since v € I'", the
final payoff for player j is not affected by new players joining the society by
agreeing on (W,~v). Similarly, any player j € W U {i} can assure himself a
payoff of 9. Hence

b;
b

(i +1L,WU{i},y) > uyy; (PF\W)  for all j € PP\W } )

(z—i—lWU{z} v) > a9 for all j € WU {i}.
Furthermore, by induction hypothesis applied to Claim (D), we know that
bj (i + 1L, WU{i},y) = dj (e)

for all j > i + 1; and, by induction hypothesis applied to Claim (C)

bip1 (i +1,WU{i},y) >0 (Pha) — > wy; (PIAW)— > af.

JEPF\W jeWU{i}
Thus
3 b (i+1,WU{i}, )
JEPT,
j>it1
< v (N) =0 (Pfy) + Z u;y; (PPAW) + Z x - Z dj (e
JEPT\W jewWu{i} i>i+1
= Z ujy; (PFAW) + Z x
JEPF\W jewWu{i}

Thus, equalities hold in (7).

Proof of Claim (B): If the proposal is rejected, any player j € PZ-’T\W receives
bj (1 + 1, W U {i},~). If the proposal is accepted, any player j € P/\W receives
b; (z +1, W, ﬁ) Thus, the result is straightforward.

Proof of Claim (C): Assume Claim (C) does not hold. Namely, there exists
a r > 0 such that

Ei(iam’y):ve(f)iil)_ Z ’U’]’YJ P \W Zx -

JEPF\W JEW

Since player i can easily assure himself a payoff of 29, we deduce that

v (PRa) = Y uyy (PI\W) = Y af —r = af. (8)

JEPF\W JEW

20



Let ¢ € (0,r) and assume player ¢ changes his strategy so that he disagrees
on (W, ) and proposes (,7) such that

§(Pk’f)argmax{vzﬂuj(z):zEQPIzr for all k > ¢
S = for all S C N,
Notice that ‘Zﬂuj’yj (P7) =v° (PF) for all k > i. Finally, 7 (N) = (z,y™)
with x given byjepk

x;=b; (i +1,WU{i},y) + ni
vi= v (Pa) = 32 by 4 LW Ui, ) — 2 =l (u)
jerr

T :d}T (e) +

5 i (y)") for all j € P

£ .
1) — i (y}") for all j > i

This 74 (N) is feasible:

Sy = v (P) = 3ol () + 307 (6) = o (N) = S () = S,

jEN jEN j>i jEN jEN

Let j € Ny. If j # 4, by arguments similar to those used in the proof of (2),
we can prove that x; > 0 for all j € Ny. Assume ¢ € Ny

x = v (P,) - Zly(i—i—l,WU{i},v)—a—u/i(ylM)

JjePr
> o (Ply) — o (N) + 3 b (i + LW U{i}, ) — e —uj (4
j>i
> ve( ,Z:,l)*UG(N)‘FIE?‘FZ()J‘(Z'+1,WU{Z'},’)/)*€*UIZ'('yzgw).

7>

By induction hypothesis applied to Claim (C) and Claim (D)

x; > v° (Pﬁs-l) - Z ujy; (PFAW) — Zx? —E— U (sz) . (9)
JEPF\W JEW

Since yM = 0 and by (8)
x> +r—e—ul (0)>0.

Hence, 7 (N) is feasible. Furthermore, v € T'".
If players in P accept (f,7), we check that condition (5) of Claim (G) with
~v =7 is satisfied for i + 1,...,n. Given (§,7) and k > ¢

wry (N) > di (¢) = v° (Piyy) = v° (PF) = v° (Ply) = Y uy; (i)
JEPT
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Hence, any player in {i + 1,...,n} is bound to agree on (f,7) once the turn
reaches him. We conclude then that b; (i +1,0,7) = u;7; (N) for all j € N.
We check that the condition of Claim (B) hold. Given j € P,

bj (i +1,0,7) = wi¥; (N) > b; (i + 1L, WU {i}, 7).
Thus, the proposal is accepted and the final payoff of player i is
bi (i +1,0,7) = uy; (N) = z; +uf (y]')
by (9)

>0 (Pha) = Y.y (PPAW) = Y af—e

JEPF\W JEW
which is bigger than b; (i, W, v). This contradiction proves Claim (C) for i = n.

Proof of Claim (D): Given (W, ), it is enough to prove that b; (i, W, ) >
dT (e). By Claim (C),

bi (Z,I/V;"Y) Z ,Ue( 111) - Z UJ’Y] PW\W Zm
JEPF\W JEW

let 2* € QP be given by 25 =; (PF\W) for all j € PF\W and 2z} = 2§ for all
jew:

z+1 Z u] > v° z—i—l) v° (Pzﬂ-) = df (6) .

JjeEPT

Proof of Claim (E): Assume we are in M (e,m,i, W,v) with v € I'". By
Claim (A), any player j € PT\W, by voting ‘no’, can assure himself a payoff of
ujy; (PF\W). Similarly, any player j € W can assure himself a payoff of xg) by
voting ‘no’. Hence

b
b

b; (i, W,7) > ujy, (PF\W) for all j € PF\W
i (4, W,y) > ) for all j € W.

Furthermore, by Claim (C)

bi (1, W,7) 20 (Py) = > wyy; (PFAW) = ) af
JEPT\W JEW

and, by Claim (D)



for all 7 > 7. Hence

Sbi (W) = > b (i, Wy )= b (i, W,y

JEPT JEN J>i
< O (N) = (PR 4 D wyyy (BIAW) + Y Jaf = 2d5 (e)
JEPT\W JEW j>i
= 2wy (BN\W)+ ) aj.
JEPF\W JEW

Thus, Claim (E) holds.

Proof of Claim (F): Assume we are in M(e,w,i,VV,v) with v € I'". By
Claim (E)

bJ (i, W,5) = wjy; (PF\W) for all j € PT\W
bj(zW v) = 29 for all j € W.

T
Furthermore, by Claim (C)

b (i, W, ) > v° (P,) — Z u;v; (PI\W) — Zl’

JEPT\W JEW

and, by Claim (D)

for all 7 > 4. Hence

bi(i,W,y) < vt(N) = 3 b (i, W)

JEN\{i}
< 0 (N) = Dy (PRAW) = Y a2l = di (e)
JEPF\W JEW j>i
= Ue( ;&-1)_ Z ujy; (PFAW) — Zl“
JEPT\W JEW

By Claim (C), equality holds.

Proof of Claim (G): Assume (5) holds for all k > . If player i agrees on
(W, ~), by induction hypothesis applied to Claim (G), players i+1, ..., n all agree
on (W,v) and the final payoff is u;y; (V) for all j € N. Then, it is optimal for
player i to accept (W, ) and obtain u;y; (N), since by Claim (F) his maximal
payoff after rejection is not more that this. Thus, Claim (G) holds.

We now prove that the final expected payoff for player i € N is dT (e).
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By Claim (D), we know that b; (m) > dI (e) for all ¢ € N. This means

that > b; (w) > v®(N). Since b € V (N), we have > b; = v®(N) and thus
iEN iEN
b; () =dF (e) for all i € N.

We have proved that b; (7) = dF (e) for all i € N and all = € II. Thus

= 7 o (€) = S (o).

mell

Zi
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