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Introduction

Equilibrium play in games comes about through repeated play and
adaptive learning.

To learn equilibrium play that depends on external signals (types)
agents needs to be repeatedly exposed to those signals.

When agents are exposed to a large number of external signals,
they can only learn from past periods in which they received similar

signals.
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Introduction

1. We propose an equilibrium concept (similarity equilibrium) for
games in which players regard some signals as similar to other
signals, and investigate:

> the relation between similarity equilibrium and classical
equilibrium concepts.
2. We propose a model of similarity-based learning, and

investigate:

» whether equilibrium will be reached;
» whether some equilibria are more likely to be reached than
others.
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Introduction

» Signals will be payoff irrelevant.
» Similarity will be exogenous.
» Similarity may be:

> non-transitive

(0 is similar to 0.01; 0.01 is similar to 0.02, ... ,
999.99 is similar to 1000; but 0 is not similar to 1000.)

> non-symmetric

(Every dog reminds me of my dog;
but my dog does not remind me of every other dog.)
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Introduction

Findings:

1. If similarity is symmetric and transitive, then similarity
equilibria are the same as correlated equilibria.

2. If similarity-based learning converges, it converges to a
similarity equilibrium.

3. In some classes of games, similarity-based learning favors
signal-independent similarity equilibria (Nash equilibria) over
signal-dependent similarity equilibria (e.g. correlated
equilibria).
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Introduction
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Introduction

Future Work:

» Extend to the case when signals are payoff relevant.
» Agents learn to behave “as if” they had infinite hierarchies of
beliefs about other agents’ types.

» Can equilibria that depend in complicated ways on higher
order beliefs be learned?
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Similarity Equilibrium

i€{1,2} players.
A’ player i's action set (finite).
u' Al x A2 > R player i’s utility function.

0" € ©  player i's signal (from a finite set of possible signal
realization).

f: 0! x©21[0,1] probability distribution of pairs of signals.

(f has strictly positive marginals.)
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Similarity Equilibrium

s': @ — PO\ {0} similarity correspondence.

0" € s'(0): signal realization &' is similar
to signal realization 6'.

> Reflexivity: 6/ € s/(0") Vi, 0 (assumed)

> Symmetry: §' € s'(0) = 0" € s'(f")  (not assumed)

» Transitivity: 6" € s'(0)) A 07 € s'(6) = 67 € s'(6)
(not assumed)
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Similarity Equilibrium

Strategy of player i: o' : ©F — A'.

Definition
Strategies (o1, 0%) form a similarity equilibrium if

o'(0") € arg max Z Z (@, I (¥)F(O,6) Vi 6

A
GEA Gicsi(or) bicO
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Similarity Equilibrium

Given (o, 02) the implied distribution p over actions is:

p(at,a%) = > F(0,6%) V(a',a%).
(61,6%) € ©'1x©?
(a1(61),0%(6%))=(a",2%)

Proposition

If both players’ similarity correspondences s' are symmetric and
transitive, then the action distribution implied by a similarity
equilibrium is a correlated equilibrium.
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Similarity Equilibrium (Example)

Signals:
Game:

02 | 62
o' |13 0 | 0

similarity correspondences: o
s'(0")=s'"(0")y=1{6",0"}, S'(0")={0",0'} Vi

Not symmetric nor transitive.

similarity equilibrium:
o0 =0c'(0)=A, ¢'(§)=B Vi
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Similarity Equilibrium (Example)

Game:
A B C
Al 11 00]0,-2
B|0-2]20]| 0,1

Implied Action Distribution:

A | B
Al23]0
B| 0 |13

Not a correlated equilibrium.
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Similarity-Based Learning

t=1,2,... time periods.
(61,62) i.i.d. across time, in each period distributed according to f.

(al,a?) actions taken in period t.

he = ((9 31,91,31) (92,32,92732) (9%,3%79%,33))
history of length t.

Players observes both players' actions and their own signal.

Initial history of length ty € IN such hat for every i € {1,2} and
every ' € ©' there is at least one 7 < ty with 6. € s'(6').
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Similarity-Based Learning

The Learning Algorithm:In every period t > tg each player i:

» observes 0};
» considers the past N periods 7 < t in which 0. € s'(6});

> best responds to the frequency distribution of the other
players’ actions in those periods.

N < oo: finite memory
N = oo: infinite memory

ai N(Qi): the action player i with memory size N would take in

period t if she observed 6’
(a random variable)
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Similarity-Based Learning and Similarity Equilibrium

Proposition (N = o0)
Suppose for every i € {1,2} and every ' € ©' there exists an
action o'(0") € A" such that

P[3T: a8 (0)=0'(0")Vt>T] =1.

Then (o}, 02) is a similarity equilibrium.
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Similarity-Based Learning and Similarity Equilibrium

Conjecture (N < o)

Assume there are no indifferences. Then there exists an € > 0 such

that for every N € IN the following is true:

If for every i € {1,2} and every §' € ©' there exist an action
o'(0") € A" and a period T € IN such that

VE>T: Plagy(0)=0'(0)] >1—¢,

then (ot,02) is a similarity equilibrium.
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Similarity-Based Learning and Equilibrium Selection

Game:

2,7

6.6

0.0

7,2

or any other game with two
strict Nash equilibria:
(A, A) and (B, B).
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Assumption (1)
There are (01,62), and 6" € ©' for some i such that:

f(6,6%) >0, f(6",6/) >0, and 0" ¢ s'(§").
Definition
(0%,6%) — (0*,0%) ((0*,60?) is connected to (A, H?)) if
f(61,6%) >0, f(61,6%) > 0 and 6" € s'(") Vi.

Assumption (2)
For all (8%, 62) with f(0',62) > 0, for every i € {1,2}, and for every 0

with 6 + 6, there is a sequence (0%,62), _,,  such that:
(i) (61,67) = (6*,6%);
(i) (65,02) — (6%,,,02,,) foreveryv =1,2,...,n—1;

(i) 0; = 6.
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Proposition
For every N € IN, under Assumptions (1) and (2),

P[3T: aly(0)=A Vi 0, t>T]

)

+ P[ET: ajy(0)=8B Vi ¢ t>T]=1

20/21



» This rules out convergence to correlated equilibria.

Game:
A B
Al271]6,6
B|00]|72

» Every similarity structure is “close” to a similarity structure

Correlated Equilibrium

(Aumann, 1974):

A | B
Al|l3| 13
B| 0 |13

for which Assumptions (1) and (2) hold.
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