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Abstract

In this paper I prove a Folk theorem with T-private communication equi-
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conditionally dependent or independent. I show that an efficient outcome is
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1 Introduction

This is a very preliminary and incomplete draft on dynamic games. In this draft, I
study repeated games with public or private monitoring and mediated communica-
tion. Specifically, I look at T-private communication equilibria. I begin with some
examples and then I offer three main results. The first result equates the study of
T-private equilibria as the discount factor § tends to one to virtual enforcement in a
contracting environment, by extending the idea of Abreu et al. (1990) of delayed in-
formation to repeated games without delay—including those with public monitoring.
I do this by making failure and success regimes depend on the realization of uncertain
behavior, thereby constructing T-private equilibria for any 7" € N. An implication
is that I can get rid of pairwise identifiability to prove the Folk Theorem when such

T-private equilibria are allowed, even in the case of public monitoring.

The second result establishes a “universal” Folk theorem. In this draft I restrict
attention to just efficient outcomes, but the results generalize. I show that an efficient
outcome can be approximated with T-private equilibria as 6 — 1 if every disobedience
from an efficient correlated strategy of the stage game is detectable by some action
profile. By a result of Lehrer (1992), it follows that there is no discontinuity in the
efficient equilibrium payoff correspondence with respect to  at 6 = 1. This includes
for instance the example of Radner et al. (1986). Thus, with T-private communication
equilibria it is possible to restore continuity in their example. Moreover, since the
condition only depends on the probability distribution of signals, it holds for all utility

functions that lead to a well-behaved feasible, individually rational payoff set.

I show by example (specifically, see Examples 4 and 5) that there may be a dis-
continuity when the above condition fails. Then I present the last main result. I
derive necessary and sufficient conditions jointly on the payoffs and probabilities in
the stage games such that it is possible to approximate an efficient outcome with

T-private communication equilibria.

At this point, I conjecture that the techniques developed below extend to general

dynamic games. I intend to pursue this work in the next draft.

This paper is based on Rahman (2008), which studies a one-shot contracting problem.
The main contribution here is to apply the techniques from that paper to the context
of repeated games. Hence, Theorem 1 is this paper’s main result. It shows that the

Folk theorem is equivalent to a contracting problem that ignores self-generation.



In this paper I focus on communication equilibria and derive a Folk theorem with
minimal observability. I show that as long as every disobedience from efficiency is
detectable by someone after some perhaps inefficient action profile, patient players can
come close to efficiency. I also show that every profitable deviation from efficiency
is uniformly and credibly detectable if and only if efficiency is approachable. The
techniques develop an algorithm based on that by Fudenberg and Levine (1994), to
compute the equilibrium payoff set for any assumptions on the monitoring technology.

I will explore this in more detail in the next draft.

Although some authors eschew mediated communication in dynamic games, others
embrace it. In this paper I argue that mediated communication is helpful for several
reasons. Firstly, of course, such communication enlarges the set of equilibria. As a
result, this makes a a Folk theorem possible when otherwise it would not (e.g., one-
sided monitoring, as in Example 2). Without mediated communication, it is often
necessary that everyone can (statistically) observe everyone’s deviations. See Fong
et al. (2007), for example. This seems too much to ask in some applications. Also,
there is often an issue with conditionally dependent signals and private monitoring.
See, e.g., Sekiguchi (1997), Yamamoto (2007) and Sugaya (2010). On the other
hand, this point is moot with a mediator, as Example 3 illustrates. Moreover, the
literature often replaces mediated communication with arguably contrived equilibria
where players effectively communicate through their actions. The communication

equilibria studied here yield one side of a revelation principle for dynamic games.

Some forms of communication have been studied before in repeated games. See
Kandori and Matsushima (1998), Kandori (2003), Obara (2009) and Tomala (2009).
This paper is strictly more general. For instance, none of the papers above offer
a solution to Example 1 below. Mediated communication gives continuity of the
equilibrium correspondence with respect to the discount factor § at § = 1 a “fighting
chance” when otherwise it might not have one (e.g., Radner et al., 1986). Finally,
communication isolates the effect of the future for incentives. In determining when the
folk theorem holds, for instance, mediated communication ensures that it is achieved
by dynamic incentives: when it fails, it is because dynamic incentives fail, and not a

lack of communication. Without a mediator, such a distinction is cannot be made.

In Section 2, I present some motivating examples. In Section 3, I describe the model.
In Section 4, I present results from Rahman (2008) that will be used to prove the

Folk theorem. Finally, in Section 5 I state and prove the main results of this paper.



2 Examples

In this section I present some motivating examples that illustrate the paper’s main

results. I begin with the classic Prisoners’ Dilemma, followed by a variant of it.

2.1 Prisoners’ Dilemma with Public Monitoring

Let us begin with the Prisoner’s Dilemma with public monitoring.

Example 1. There are two players, each of whom may cooperate, C', or defect,
D. Stage game payoffs are standard and given by the left bi-matrix below; signal
probabilities are on the right:

C D c D
cl 22 |-1,3 c|31)13
DI 3.-1] 0.0 DIERIER

Payoffs Probabilities

The stage game is repeated infinitely often. At each stage, players take an action
and subsequently observe a public signal according to the conditional probabilities
above. Players earn the average of discounted payoffs with discount factor 6 € [0, 1),

as usual.

In this example, the set of symmetric perfect public equilibrium payoffs is bounded
away from efficiency (2, 2) uniformly in the discount factor 4. This result is standard,
see Green and Porter (1984), Radner et al. (1986), and Abreu et al. (1990). One way
to see this is with the usual observation of imperfect monitoring. Another way to see

this is by noticing that pairwise identifiability fails in a binding way.

One might think that the Kandori and Obara (2006) approach to private strategies
might be able to help with this example. However, it is not difficult to see that
the Kandori and Obara (2006) approach also fails here, since they require that (i)
the probability of “good news” decreases with the number of deviators, and (ii) the
decrease is increasing. A more general approach is that suggested by (Rahman and
Obara, 2010, Example 1). However, this approach fails here, too, because they also
require (i), which does not hold. Indeed, this is the challenge of this instance of the

Repeated Prisoners’ Dilemma.



I will now show how cooperation may be sustained even when such monotonicity
fails. Specifically, as 6 — 1, I will construct a sequence of equilibria whose payoffs

converge to (2,2), the symmetric efficient outcome of full cooperation.

Claim 1. For any € > 0 there exists d < 1 and an equilibrium of the repeated game

above such that each player’s payoff lies within  of full cooperation for every d > 4.

I will now prove this claim. To do so, I will employ T-private equilibria and extend
the approach of Abreu, Milgrom and Pearce (1991) to the current setting of public
monitoring. But how can we do this if signals are publicly revealed every period? By

delaying the announcement of (recommended or played) actions.!

At every stage t, the mediator independently asks each player to play C' with proba-
bility © and D with probability 1 — u. There are two relevant outcomes to be defined:

“success” and “failure.” The two outcomes obtain according to the following rule:

cC cD DC DD

g | success | failure | failure | success

b | failure | success | success | success

Now we can follow Abreu, Milgrom and Pearce’s T-period arrangement by delaying
the public announcement of behavior. During a T-period block, if a string of T'
consecutive failures occurs then the players will play (D, D) forever from then on
with probability « to be determined. Otherwise, if the a string of consecutive failures
did not occur, then the players will each revert to playing the mixed strategy (u, 1 —pu)

for another T' periods, and keep a tally of the next T failures or successes.

For any player i, let ¢;(a;,b;) be the probability of failure conditional on a recom-
mendation to play a; € {C, D} and a decision to play b; € {C, D}. By Bayes’ Rule,

ei(C,C)=1/4, wi(C,D) =p/A+1/2, ¢i(D,C)=3u/4, ¢i(D,D)=p/4

Therefore, when a player obeys his recommendations, the probability of failure is at
least /4 and at most 1/4. Moreover, for any recommendation-contingent deviation
plan, as long as pu is sufficiently close to 1, the probability of failure is at least 1/2.
Hence, if a player deviates from his recommended actions during any 7 of the T

periods, the likelihood of punishment is bounded below by

(1/2)7 (/4"

'For now, I will focus on recommended actions, but by Rahman (2009, Theorem 10) it is possible

to do away with the mediator. I will discuss this further later.

4



On the other hand, without deviations it is bounded above by (1/4)T«. Of course,
after 7 deviations, the utility gain is bounded above by (1 — §)7u".

To compute the cost, let v be the average discounted payoff from the game. The cost

of 7 deviations is at least
[(1/2)7(u/4)" " = (1/4)" ]aw.

Notice that [(1/2)7 (11/4)T="— (1/4)7] = (1/4)Tr[uT/7(2/ ) ~1] = (1/4)Tr[2u7-1—1] 2
If we could choose a such that

1—-6 = 67(1/49)7 2"t — 1]aw
then we could discourage any 7 deviations. To see this, notice that

(1=8u" < (1 =087 =76"(1/4)T 20"t — 1av < 7(1/4)T[2u" ! — 1]aw,

so 7 deviations are indeed deterred as long as pu’ ! > 1/2.

Let us now see what is achievable. Fix p and T such that ! > 1/2 and consider
the following problem, to be explained in detail below:

V7, (6) = maxv s.t.

v = (1-60)2u+6"[(1—pv+plv—w)) (value recursion)
-0 <671/ 2p" " — 1w (incentive compatibility)

0<w<w, (self-generation)

where p = Pr(T failures) = [u(1 + u)/4]”. The problem above maximizes the game’s
symmetric value subject to (i) value recursion, so the payoff is generated by the trigger
strategy described above by interpreting w and aw,? (ii) incentive compatibility, since
the previous argument showed that this constraint suffices to discourage all deviations,

and (iii) self-generation, so that promised utility can be delivered with future play.

Clearly, the incentive constraint must bind at the optimum of this problem, hence

B 16
o1/ 2p" 1)

2This follows from p/A > 1= (u/N)7 —1 > 7[(n/A) — 1].
3Notice that 2 = 2u? + (3 — 1)pu(1 — p) is the flow payoff from the mixed strategies (i, 1 — p).

w




Substituting this into the value recursion equation, it follows that

1 -0 [p(+p)]"
1—o7 2pT1—1°

Vi“k,u(d) = 2# -

If p is sufficiently close to 1, (1 + p) > 1, therefore

) 2 2

Y Y. — 5 1.
S -rologut i1 Moy

Vru(0) = 24 —

Fix any small ¢ € (0,1). For any T' € N there clearly exists pur < 1 such that
2(ur)T=' > 1+ ¢, and of course up — 1 as T — co. If Vi(§) = Vi . (0) then clearly

2
(lsl_rg V() = 2ur > 2ur T = 2 as T — o0

T2(pr)™ " = 1]

Hence, the T-private equilibria above sustain virtual cooperation, proving the claim.

2.2 Prisoners’ Dilemma with Private Monitoring

Now consider the Prisoners’ Dilemma with private monitoring.

Example 2 (One sided monitoring). Just as in Example 1 above, there are two
players, each of whom may cooperate, C, or defect, D. Stage game payoffs are

standard and given by the left bi-matrix below; signal probabilities are on the right:

C D c D
Cl 22 |-1,3 cl3 231
D|3,-1| 0,0 D|1,11142
Payofts Probabilities

The difference here is that now the signal is only observed by player 1. Player 2
observes nothing (apart from his own actions and recommendations). Also notice that
the probabilities are slightly different. Player 1 paying D leads to an uninformative

signal, but playing C' is informative of player 2’s action.

This example is interesting for several reasons. Firstly, one sided monitoring is com-
pletely excluded by the literature on repeated games. Secondly, as will be seen from
the general model, every deviation from the efficient outcome is detectable, so it can
be approximated by equilibria of the repeated game. However, for the same reasons

as for Example 1, T-private equilibria are needed to do so.



Example 3 (Two sided monitoring). Just as in Example 1 above, there are two
players, each of whom may cooperate, C, or defect, D. Stage game payoffs are
standard and given by the left bi-matrix below; private signal marginal probabilities

are on the middle for player 1 and on the right for player 2:

C D ¢ D ¢ D
c[22]-13 JEEIES SERIEE"
p 31100 p[hilis 4ESIEE:

Payoffs Player 1’s Probs Player 2’s Probs

Of course, I have not specified how players’ signals are correlated. But regardless of
how correlated they are, it is still true that every disobedience from full cooperation

is detectable, hence efficiency is attainable for sufficiently patient players.

2.3 Efficiency and Observability

The next examples show the limits of detectability when trying to sustain efficient
behavior. On the one hand, Radner, Myerson and Maskin showed that there may be
a discontinuity between what is attainable as 6 — 1 and when § = 1, in some sense.
Example 1 suggests that this is not the case. Indeed, as long as every deviation is
detectable, the example suggests that there is a sequence of (perhaps private) equi-
libria whose payoffs converge to efficiency, which Radner (1986) shows is attainable
when § = 1. On the other hand, Lehrer (1992) shows that, when § = 1, an efficient
outcome is attainable essentially if and only if every profitable deviation from the

efficient outcome is detectable by some not necessarily efficient action profile.

The examples below show that this condition does not characterize attainability as
0 — 1. In each of the examples below, the efficient outcome (D,C) cannot be
approximated as § — 1, yet every profitable deviation from that outcome is detectable

by some action profile, not necessarily the efficient action profile.

Example 4 (Detecting profitable deviations). There are two players. Stage game
payoffs appear in the left bi-matrix below; public signal probabilities are on the right:

C D E C D E
cl42]1,4]15 AERIEEIER
D[43]0,4]0,3 p[iili 1]

Payoffs Probabilities



In this example there exists no equilibrium such that the efficient outcome (D, C')
is attained even virtually as 6 — 1. To see this, first notice that that the profile
(D, C) cannot be played with probability one. Otherwise, player 2 can profitably
deviate to play D instead of C' without being detected. Furthermore, the profile
(D, C) cannot be played with positive probability. Otherwise, if player 1 plays C
with positive probability then player 2 can play £ which weakly dominates C' and is
also completely undetectable. On the other hand, for a deviation from (D, C) to be
profitable, it must be the case that player 2 plays D with positive probability, but
this is detectable when player 1 plays C. Therefore, although it is possible to sustain
the payoff profile (4,3) in equilibrium when 6 = 1 in the sense of Lehrer (1992), it is
impossible to do so as § — 1.

For future reference, the same problem occurs even if we replace the probabilities
given (C, D) with (%,%) instead. With these new probabilities, detection implies
attribution in the sense of Rahman and Obara (2010). This is because deviations
from (C,C) shift probability in different directions. As will be argued later, the
set of unattributable deviations is important for understanding the set of payoffs

attainable in a repeated game.
The same problem occurs in the next example, although for a slightly different reason.

Example 5 (Dominated detection). There are two players. Stage game payoffs ap-

pear in the left bi-matrix below; public signal probabilities are on the right:

C D E ¢ D E
Cl42| 1,4 | 1,5 Cl3:1523:
D|4,3] 0,4 | 0,3 D|1,3|33133
E|3,2|-1,4]-13 E|3,1153331

Payofts Probabilities

Again, although efficiency can be sustained when § = 1, it cannot be sustained as
0 — 1. To see this, notice that although if player 1 plays E then the argument of the
previous example fails, playing F is strictly dominated by C' for player 1, and again
is completely undetectable. Hence there is no way of getting player 1 to play F, and

as a result (D, (') is not attainable.

These two examples reflect all that can go wrong in trying to sustain efficiency in a

repeated game, as I argue later when I develop the general model.



3 Model

Consider a repeated game with private monitoring. The stage game consists of a
finite set I = {1,...,n} of players, a finite set A; of actions for each player i € I,
where A = [, A;, utility profile u : I x A — R, where u;(a) is the utility to player
i from action profile a, and a finite set of signals S;. Let S =[], S; and Pr(s|a) be
the probability that the profile s of signals is observed if the profile a of actions was
played. Players have a common discount factor 4, where § € [0,1). Given a sequence

o0

a®™ = (ay,as,...) of action profiles, the utility to player 7 is given by

Ui(a™®) = [(1=6)/0] > 8'ui(ar).

Let U = conv {u(a) € R? : a € A} be the convex hull of possible payoff vectors in

the stage game. I make the following relatively standard assumptions.

Assumption 1 (Full support). Pr(s|a) > 0 for all (a, s).

This assumption means that every signal is possible, regardless of what players play.

bM

It is largely made for simplicity. This way “the entire tree lights up,” in other words,

nothing is off the path of play.
Assumption 2 (Minimaz). u;(a) < 1 for all (i,a) and

MénAm Blrﬂaj{A Zul Bi(a;),a_)p(a) = 0 Vie l.

The first part is just a normalization that will save some notation, but is otherwise
without loss of generality. The second part says that the (correlated) minimax value
for each player is normalized to 0. Let U* = {u € U : u > 0} be the set of feasible,
individually rational payoffs.

Assumption 3 (Full dimensionality). dimU* = n.

This is a technical way of saying that it is possible to punish and reward agents
independently. It implies that we can use a version of the algorithm by Fudenberg
and Levine (1994) to characterize equilibrium payoffs. Since we will be generalizing

their algorithm, let us recall it formally next; then I will introduce my extension.

3.1 Public Sequential Equilibria

[To be completed.]



3.2 Public Communication Equilibria

[To be completed. In this draft, I will only study the algorithm for maximizing the

unweighted sum of utilities.]

First, let us turn the repeated game into a contracting problem. For any player i, let
pi + S; — S; be a reporting strategy, where p;(s;) is the planned report upon observing
si. Let Aug(a, b;) = ui(a—;, b;) —u;(a) and A Pr(s|a, b;, p;) = Pr(s|a_;, b;, p;) —Pr(s|a),
where
Pr(sla_;,b;, pi) = Z Pr(s_;, t;|la_;, b;)
ti€p; ' (si)

is the probability that the signal profile s is reported if (a_;, b;) was played.

Consider the following nonlinear programming problem:

n

W = max Ui s.t. Zu(a) = 1,

p>0vw oA
v, = (1=19) ZM((I)% + 52131” (a)w;(a, s) Viel,
acA (a,s)
(1-9¢ Zu YAuw;(a,b;) + 0 Z a)w;(a, s)APr(s|a,b;, p;) < 0 V(i,a;, bi, pi),

(a—i,s)
Zwi(a, s)u(a) < va(a) v(a,s).

This problem is reminiscent of the equilibrium-characterizing problem of Fudenberg
and Levine (1994), but there are some important differences. Regarding the similar-
ities, I am maximizing the sum of lifetime utilities by choosing continuation values
subject to incentive compatibility (the penultimate family of constraints) and self-
generation (the last family). Applying different welfare weights to the objective and

the self-generation constraint characterizes the set of public equilibria.

As for the differences, there are several. Firstly, the continuation values depend not
only on (reported) signals, but also on recommended actions. Secondly, the problem
chooses a correlated strategy subject to it being a communication equilibrium, i.e.,

honesty and obedience is incentive compatible.

I will now transform the problem is several ways to obtain a linear programming
problem that will become my focus. I will do so in two steps. In the first step,

I transform the problem from one of choosing transfers w;(a, s) to one of choosing

10



probability-weighted transfers x;(a, s).

= Jgoag(xzvz s.t. Z,u(a) =1,

a€A

v, = (1=9¢ Z,uaul —i—éZPr a)x;(a, s) Viel,

acA (a,s)

(1-— 5)Zu(a)Aui(a, b)) + 6 Z zi(a, s)APr(sla,bi,p;) < 0 V(i,a; b, p;),

a—; (a—4,9)
ZQJi((Z,S) < Zvllu’(a) V<CL,S),
=1 =1
0 < aji(a? S) < M(a) V(i,a, S)‘

The problem has changed in two ways. First, every entry of w;(a, s)u(a) has been
replaced with z;(a, s), to be interpreted as a probability-weighted continuation value.
Next, a new family of constraints (the last one) has been added to the problem.
This family is there to ensure that the probability-weighted payments are adapted
to p. In other words, in order to avoid solutions to the problem with x;(a,s) # 0
and p(a) = 0. If this were the case then the interpretation of probability-weighted
transfers would not apply. The reason that the constraints capture this idea is due
to Assumption 2, which requires that continuation values wj;(a, s) belong to [0, 1].

Therefore, probability-weighted continuation values z;(a, s) must belong to [0, u(a)].

I now make the following change of variables. Let

a5) = T olopla) ~ wila,5))

Simple manipulations yield the following linear programming problem.

W = max anz,u(a)ul ZPr a)éi(a,s) s.t. Z,u(a) = 1,

i=1 a€A (a,s) acA

ZM(@AW a,b;) < Z &ila, s)APr(s|a, b, p;) (i, ai, bi, pi),

(a_i78)

Z&(a, $)>0  Y(a,s),

—Lnla) < Glas) € pla)  Vlivas)

The only part of the transformation that is not immediate is the way that the last

family of constraints changed. To obtain it, just use the fact that v; € [0, 1], hence

b %[O—xi(a,s)] < &la,s) < 1i5[viu(a)—0] < 1%5#(&)-

11



This last problem is clearly equivalent to the original one. (Although the adaptability
constraints have changed slightly in the last transformation, this is without loss, as
the only role they fill is in ensuring that no payments take place after zero -probability

recommendations. Hence the problems are equivalent in terms of the limit as § — 1.)

Definition 1. Call the linear program above the primal, and call its dual problem

(you guessed it) the dual.

Notice how the change of variables has isolated the effect of d to just the last family
of constraints, where a higher § means that there is a wider range of possible values
for &(a,s). As 6 — 1, the constraints relax. This is also seen clearly from the dual,
which I present next. Deriving the dual is long but straightforward, so I omit its
derivation. Since the primal has a feasible solution (namely, a correlated equilibrium
of the stage game together with 0 payments), the value of the primal equals the value
of the dual. Here’s the dual.

W = min & s.t.
An>0,K
K 2 Zui(a) — Z Ailai, biy pi)Auy(a, b;)
i=1 (bispi)
+L Z |Pr(s|a) — Ai(ai, bi, pi) A Pr(s|a, b, pi) — n(a, s)| Vae A
1 . 6 1 1y Y1y M1 RN 9 .

seS

Intuitively, think of \; as a deviation plan for player i. (See Rahman (2008).) The
multiplier 7 is studied in some detail by Rahman and Obara (2010).

From the dual we can easily see that Example 1 cannot have an approximately efficient
public communication equilibrium, even as 6 — 1. Consider the profile of deviation
plans given by \;(C,D) = 1 and \;(D,C) = 1/2 for each player i. It is easy to
see that there exists n > 0 with ||Pr(s|a) — A\i(as, b;, pi) A Pr(s|a, b, pi) —n(a, s)|| = 0.
Notice, furthermore, that for each a . u;(a) — > Ai(a;, b)) Au;i(a, b;) is strictly less
than 2. Therefore W < 2 regardless of §. By strong duality, the result follows.

As 0 — 1, it is tempting to think that the dual above converges to

min K s.t. kK > Zui(a)— Z Ai(ai, by, pi)Aug(a, b;) Va € A,
i=1

A,n>0,k (brpe)
5P
Pr(s|a) — Ai(as, by, pi)) A Pr(s|a,b;, p;) = n(a,s) Y(a,s),

but this would be wrong, as is easily seen from Example 4. The difference between

these two problems distinguishes the case 6 — 1 from § = 1.
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3.3 T-Private Communication Equilibria

I will now extend the argument of Abreu et al. (1990) to this general setting, as in
Example 1. Consider the repeated game whose stage game consists of 7" repetitions
of the original stage game. We will use the duality above in this game; the primal
associated with this reinterpreted repeated game is called the T-primal, and its dual
the T-dual.

Fix a T-period stage game, where 7' € N. During every period t € {1,...,T},
player ¢ is confidentially asked by a mediator to choose a;; € A; and decides b; € A;,
which may differ from A;, then privately observes some signal s;; € S;, and submits
a confidential report r; € S; to the mediator which may also differ from s;. Let
H; = A; x S; be the set of all action-signal pairs, with typical elements (a;, ry),
(bit, sit), etc. For now, assume that everyone is honest and obedient, so by = a;; and
ri = sy for all (i,t).* Let U(a™) = [(1 —8)/8(1 — 67)] 321, 6%u;(a;) be the utility
accrued during the current T-period stage. Let Pr(sT|aT) = Hthl Pr(s¢|ay).

A T-deviation for player i is any sequence of maps (5;, p;) = (Bi1, pits - - - » Bir, Pit)
such that 8; : At x SI™' — A; and p;; : AL x St — S, where B;; corresponds to pos-
sible disobedience contingent on past recommendations and observations, and p;; to
possible dishonesty. Write Uy(a”|8;) = [(1—68)/5(1 —6T)] 321, 0ui(a_, Bu(al, st71)

’L’ Z

for the utility from disobeying according to f;. Also, let

Pr(8T|aT7ﬁi>pl HPr St‘ataﬁlt( Qs S; ) plt( 27 : 1))?
where
P t gt=1y) — t—1
r(3t|at7/3zt( ;5 S ) pir(ai,s; ")) = Z Pr(s—zt’th|a—ztuﬁzt( a;,s; "))

Ti€py (sitlat,si™h)

stands for the probability that s; is reported.

A communication mechanism is any y such that ) p(a;) =1 and

Z,u(at“,st) = pu(a’,s" 1) Pr(ss|a;) V(a', s").

at41

Given any such communication mechanism g, let

Pr(s’ 1\"g5 24 it\ Uy : '
,U(aastil’ﬁi;pi) — /L(Clt,S ) 1"( |a 6 (Pr<8t|a>t)p ( ))

4For any family {X;} of sets indexed by i and ¢, let X;0 = {0}, Xy =[], Xor, X_ir = HHéZ Xt
HT | Xir, XP=T[, X! and X = Hl . Xit. Thus, S is the space of all signal profile histories.
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Let Ui(p) = 3 (gr gv-1y Ui(a”)u(a”, s771) denote player i’s utility from the commu-
nication mechanism played at the current T-period stage when he is honest and
obedient, and Ui(u|B;, pi) = 3 (ur gr—1y Ui(a”|B;)u(a”, 771 Bi, pi) the utility when
he deviates according to (8;, p;). Write AU;(1|Bs, pi) = Us(p|Bi, ps) — Us(p), and
APry(sT|aT, B, pi) = Pr(sT|aT, Bi, pi) — Pr(sT|sT).

Using the same transformations as for the case when 7' = 1 in the previous subsection,

we end up with the following reduced-form T-primal:

n

Wr(6) = max Ui(p) — Z Pr(s"la’)&(a", s") s.t. Z:U’(al)zla

p208 = (aT T)
D u(a sy = pla’ s Pr(sda) V(a8
at1
ZM(Q)AUl(M‘ﬁmpJ < Z fi(aT7ST)APY<8T’aTvﬁi>pi) V(Z7ﬁlapl)7
a—; (aT,sT)
Zfi(aT,sT) >0  V(a,s),
=1
6T T T-1 T T T-1,T-1 5T T T-1 T T
DT ST £ (ST P T € T ) (a8,

After much manipulation, the T-dual simplifies to the following problem. Denote by
ar: Uthl St=1 — A any pure recommendation strategy for the mediator conditional

on past reports, and let .o/ be the set of all such pure mediation strategies.

Wr(6) = /\r7171>i£1,i K s.t.

K 2 Z Z Ui(ar(s™ 1)) — Z Ni(Biy pi) AU (ar(s™H)|Bi, pi) +

i1 (Ber)
6r -
T Z | Pr(s”|a) — Z Ni(Bs, pi) A Pr(sT|ar(s™1), Bi, pi) — n(a’, s7)| Var € <.
st (Bispi)

At this point let me make three comments. First, the T-dual is structurally similar
to the 1-dual from before. Secondly, the mediator’s strategies in the T-period stage
may vary with observed reports. Finally, an application of Kuhn’s Theorem shows
that we may rewrite the T-dual in terms of behavior strategies (i.e., with multipliers
it (BF, rt|at, st) such that A\ extends \;s for s < t) rather than mixed strategies (i.e.,

A; defined as a mixture over all possible deviations).
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4 Digression

The main goal of this paper is to establish a Folk theorem under minimal observability
assumptions. First, though, let me digress and present some preliminary results taken
from Rahman (2008). Consider a one-shot contracting problem, as in the 1-private

equilibria considered above, but this time ignoring the self-generation constraint.

Let u € A(A) be a correlated strategy and ¢ : [ x A x S — R be a payment scheme
contingent on recommendations and reports for each player. A pair (u, () is called

incentive compatible if honesty and obedience is optimal:

Zu(a)Aui(a,bi) < Z,u(a)(i(a,s)A Pr(s|a, b;, p;) Y(i,aq, by, pi).
a; (a_i,5)

In other words, (u,() is incentive compatible if p is a communication equilibrium
(Myerson, 1986; Forges, 1986) of the game induced by (.

Definition 2. A correlated strategy pu is enforceable if a payment scheme ( exists
such that (p, ¢) is incentive compatible. Let E denote the set of enforceable correlated
strategies. Call p virtually enforceable if there exists a sequence {™} C E such that

w™ — p. Let E denote the set of virtually enforceable correlated strategies.

A strategy for agent i is a map o; : A; — A(A; X R;), where o;(b;, p;|a;) is the
probability that i plays (b;, p;) when recommended a;. Call o; a deviation if it ever

differs from honesty and obedience. The deviation o; is called u-profitable if

Z w(a)Au;(a, b)o;(bi, psla;) > 0.

(a,bipi)

Let Pr(u) be the vector of report probabilities if everyone is honest and obedient,
defined by Pr(s|p) = >, pu(a) Pr(s|a) for each s. Let Pr(u, 0;) be the vector of report
probabilities if everyone is honest and obedient except for i, who plays o; instead,

defined for each signal profile s by
Pr(slp,0) = Y pu(a) Y Pr(slas,bi, pi)oi(bi, pilas).
(IGA (bupz)

Definition 3. For any B C A, o; is called B-detectable if Pr(s|a) # Pr(s|a, ;) for
some a € B and s € S.°> Otherwise, o; is called B-undetectable. A strategy is simply
detectable if it is A-detectable, and undetectable if it is A-undetectable.

®We abuse notation by identifying Dirac measure [a] € A(A) with the action profile a € A.
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Intuitively, a strategy is detectable if there is a recommendation profile such that the
report probabilities induced by the strategy differ from that induced by honesty and
obedience, assuming that everyone else is honest and obedient. Crucially, different
action profiles may be used to detect different strategies. To illustrate this difference,
consider the next example, where, for any mixed (or correlated) strategy profile,

individual full rank fails, yet every deviation is detectable.

Example 6. Two publicly verifiable signals and two players. Player 1 has two choices,
{U, D}, and player 2 has three, {L, M, R}. Payoffs and probabilities are given in the

bi-matrices below, as usual.

L M R L M R

1 111331

U|1,0[0,1]0,1 Uls,s |05l 51
121331

D|32|1,3]|13 Dz 5|01l 91
Payoffs Probabilities

Since every deviation is detectable, by the main result of this paper there is a se-
quence of equilibria of the repeated game whose payoffs converge to the efficient
level (3,2) as 6 — 1. However, it is necessary to resort to T-private equilibria with

recommendation-contingent continuation values.

The first result characterizes enforceability. For proofs, see Rahman (2008).

Lemma 1. A correlated strategy p is enforceable if and only if every p-profitable
deviation is supp p-detectable.

As this result shows, profitable deviations are important. These are necessarily
disobediences. Formally, given B C A, a strategy o; is called B-disobedient if
oi(bi, pila;) > 0 for some a; € B; and b; # a;, where B; = {b; € A; : 3b_; s.t. b € B}
is the projection of B on A;. Next, I pin down virtual enforcement with probabilities.
Lemma 2. Fiz any pn € A(A). Every supp p-disobedience is detectable if and only if

for any profile of utility functions, u is virtually enforceable.

This result characterizes when an action profile is virtually enforceable for every utility

profile. To illustrate the characterizing condition, consider the following example.

Example 7. Two players, two public signals. Payoffs and probabilities appear below.

L M R L M R
Ul32]0,3]0,3 Ul dplsris
D|4,00,1]0,1 D|i 3131131

Payofs Probabilities
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The efficient outcome here is (U, L). Since every (U, L)-disobedience is detectable in
this example, by Lemma 2 it is virtually enforceable, therefore by the main result of
this paper a Folk theorem applies, i.e., there is a sequence of equilibria of the repeated

game whose payoffs converge to the efficient level (3,2) as § — 1.

Lemma 2 is a key result that will be used for the Folk theorem. It shows that a is
virtually enforceable for every utility profile as long as every disobedience from a is
detectable with some perhaps occasional behavior—call it “monitoring.” Crucially,
there is no requirement on disobediences to behavior outside of a, so deviations from

monitoring need not be detectable.

I now characterize virtual enforcement for a fixed utility profile. Although the pre-
vious lemma looks simple, a similar result for a fixed utility profile is not as simple.
To see why, notice that, on the one hand, virtually enforcing some a does not require
that every a-disobedience be detectable: strictly unprofitable a-disobediences may be
undetectable, for instance. On the other hand, it is not enough that every strictly
profitable a-disobedience be detectable, as Example 4 shows. There, every strictly
profitable (D, C')-disobedience is detectable, yet (D, ') is not virtually enforceable.

Detecting (D, C)-profitable deviations is not enough there because E weakly dom-
inates C' and is indistinguishable from it. Indeed, if £ strictly dominated C' then
there would exist a (D, C)-profitable, undetectable strategy, rendering (D, C) virtu-
ally unenforceable. On the other hand, if player 1’s payoff from (D, E') was negative
instead of zero then (D, C) would be virtually enforceable because playing F when

asked to play C' would be unprofitable if player 1 played C' with low probability.

So what is required beyond detecting profitable deviations? Below, I will argue that
profitable deviations must be uniformly and credibly detectable. To illustrate, note
that if E is removed from Example 4 then (D, C) is virtually enforceable, not just
because every (D, C)-profitable deviation is detectable (this is true with or without
solitaire), but also because the utility gains from every (D, C)-profitable deviation
can be uniformly outweighed by monetary losses. To describe this formally, let us

introduce some notation. For any strategy o; and any correlated strategy u, write

|aPr(u ol = S| 32 n@loulbi, pilas) Prlslas,bispi) = Pr(sla)]|

s€S  (a,bi,pi)

Intuitively, this norm describes the statistical difference between abiding by u and

deviating to o;. Thus, o; is supp p-undetectable if and only if [|A Pr(u,0;)|| = 0.
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Say that every u-profitable deviation is uniformly detectable if z > 0 exists such that
for every p-profitable deviation o; there exists n € A(A) (possible different for differ-
ent 0;) such that o; is supp n-detectable and Awv;(n,0;) < 2>, n(a)||APr(a,o;)].
Uniform detectability implies that a bound z > 0 exists such that for every pu-
profitable deviation o, there exist (i) a correlated strategy n that detects o;, and (ii)
an incentive scheme ( satisfying —z < (;(a, s) < z, that strictly discourage ¢;.%" Intu-
itively, every p-profitable deviation can be strictly discouraged with a correlated strat-
egy and an incentive scheme bounded by the same amount. To see how uniform de-
tectability fails in Example 4 but holds without the action F, let a and (3, respectively,
be the probabilities that player 2 plays D and plays E after being asked to play C.
Clearly, (D, C)-profitability requires o > 0. For uniform detectability we need z such
that given o > 0 and 8 > 0,  exists with (a + 8)n(C,C) + an(D, C) < 2zan(C,C).
Therefore, (o + 8)/a < 2z is necessary for uniform detectability. However, no z
satisfies this for all relevant («, 5). Removing E restores uniform detectability: now
f =0, so0any z > 1/2 works.

Uniform detectability is still not enough for virtual enforcement, as Example 5 shows.

In Example 5 every (D, C)-profitable deviation is uniformly detectable when player
1 plays E, but this action is not credible because it is strictly dominated by and

indistinguishable from C. Hence, (D, C') is not virtually enforceable.

Definition 4. Say every u-profitable deviation is uniformly and credibly detectable if
there exists z > 0 such that for every p-profitable deviation o;, there exists n € A(A)
satisfying (i) o; is supp n-detectable, (i) Av;(n,0;) < 2>, n(a) ||APr(a,0;)|, and
(ili) Avj(n,o0;) < 2>, n(a)||APr(a,o;)| for all other (j,0;).

Intuitively, just as before, we may use different 7 to uniformly detect different o;, but
these n must be credible in that incentives can be provided (Footnote 6) for everyone

else to play 1. This yields the characterization we sought, proved in Rahman (2008).

Lemma 3. A given correlated strategy i is virtually enforceable if and only if every

p-profitable deviation is uniformly and credibly detectable.

6To find this payment scheme, invoking the Bang-Bang Principle, let (;(a, s) = £z depending on
the sign of the statistical change created by oy, namely >° ;. 0i(bi, pila;) Pr(s|la—;, bi, p;) —Pr(s|a).

"To see intuitively why I have a strict inequality, suppose that there is a u-profitable deviation o;
and a correlated strategy n for which Av;(n,o;) =2, n(a) ||APr(a,0;)|. In this case, it would be
impossible to discourage o; by playing 7 instead of p with some probability and payments bounded
within +z.
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5 Results

In this section I will state the main results. The first main result claims that efficiency
is attainable as § — 1 if there exists an efficient outcome of the stage game such that
every disobedience from the outcome is statistically detectable. The second claims
that efficiency is attainable as 6 — 1 if and only if there exists an efficient outcome
of the stage game such that every disobedience is uniformly and credibly detectable.
All these terms were defined in the previous section. To prove these claims I will use

the results of Sections 3 and 4 together.

Of course, these results are subject to the restriction of T-private communication
equilibria, for T' € N. These equilibria need not be belief-free, and players may have
strict incentives to play their recommended actions. At this point, I conjecture that

the set of T-private equilibrium payoffs is dense in the set of private equilibria.

Let U = u(E) = {u(u) € R : u € E} be the set of payoff profiles attainable with
virtually enforceable correlated strategies, where u(p) = >, u(a)p(a) is the expected
payoff profile from p and u(a) = (u1(a),...,u,(a)) for each a € A. Recall that U* is
the set of feasible, individually rational payoffs. We may now state the paper’s main

result, from which the Folk theorems below follow.

Theorem 1. Let u* € U* be an efficient payoff profile. There exist T(J)-private
equilibria whose payoffs converge to u* as § — 1 if and only if u* € U.®

Theorem 1 leads to the following two Folk theorems.

Corollary 1. Letu* € U* be an efficient payoff profile. If there is a correlated strategy
p such that u(p) = u* and every supp p-disobedience is detectable then T (§)-private

equilibria exist whose payoffs converge to u* as 6 — 1.

Interestingly, this Folk theorem gives conditions on the monitoring technology alone
such that, for any profile of utility functions (satisfying Assumptions 1-3), an effi-
cient outcome is approachable as players become increasingly patient. Also, by the
Folk theorem of Lehrer (1992) for 6 = 1, it follows that there is no discontinuity in
the efficient equilibrium payoff correspondence with respect to 6 at 6 = 1 when the

detectability condition above is satisfied.

8n this preliminary and incomplete draft I focus on efficient outcomes, but in the next draft
I will replace Theorem 1 with the following claim: the set of payoff profiles for which there is a

sequence of approximating T-private equilibria is given by U =Uu*nT.
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Corollary 2. Let u* € U* be efficient. There is a correlated strateqy p such that
u(p) = u* and every u-profitable deviation is uniformly and credibly detectable if and
only if T(0)-private equilibria exist whose payoffs converge to u* as § — 1.

This result gives a joint condition on the monitoring technology and the utility func-
tions such that an efficient outcome can be approached with T-private equilibria. In
fact, this condition is necessary and sufficient for the Folk theorem. By Lemmas 2-3,
Theorem 1 above clearly implies Corollaries 1 and 2, so proving Theorem 1 is enough

to prove both Folk theorems.

6 Proof of Theorem 1

Sufficiency is easy. Since u* is efficient, it is on the boundary of U*. Suppose that there
exists a sequence of T'(§)-private equilibria whose payoffs converge to u* as § — 1. For
each T'(6)-private equilibrium, take the expected correlated strategy played during
the first 7'(0) periods. Since less information relaxes incentive constraints, playing
this correlated strategy, call it ug, every period regardless of what players report is
also a T'(d)-private equilibrium with the same continuation values. By hypothesis,
taking a subsequence if necessary, pus — u such that u(p) = u*. Merging the payoffs

from periods 2 to T to the continuation values finally implies that u* € U.

For necessity, suppose that u* € U and u* is efficient, so there exists p such that
u(p) = u* and a sequence {u™} C E such that 4™ — p. For any € > 0, therefore,
there exists M such that p™ is within € of u for all m > M. Now, any such p™
is enforceable, so by Lemma 1 every u™-profitable deviation is supp p™-detectable.
The problem of enforcing p™ played for T consecutive periods (call the associated

communication mechanism p7') with self-generated continuation values is given by

Wrle) = max S UG = D0 e Pr(sTlaN (T, 5T) st

i=1 (aT,sT)

Y W@ Pe(sT AU |8 ) <Y p(al)&(a” AP |a", Bip) V(L B i),

(aT',sT) (aT,sT)

D & s") =0 V(d", ") €supp p,
=1
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where p is fixed. The dual of this problem is

n

Wr(p™) = min p  Us(uy) = > X(B o) AU | B pi) st
T =l (Bipi)
(@) [Pr(s"a”) = Y Xi(Bi, p) APr(s"|a”, B, pi)] = n(a”,s") Vi, (a”,s") € supp p.
(Bispi)

Equivalently, we may write the dual constraints as

Pr(s’|a’) — Z Ni(Bi, p))APr(sT|a”, i, pi) = n(a®,s") Vi, (a',s") € supp pip.
(Bi»pi)
If there is no profile A > 0 that satisfies these equations apart from honesty and
obedience for every m then the self-generation constraint does not bind and the
theorem is proved, so suppose not, i.e., there exists a profile of deviation that satisfies
the dual constraints above. Again, if honesty and obedience solves the dual for every

m then the self-generation constraint does not bind and we are done, so suppose not.

By Lemma 1, since uf' is enforceable, it follows that every p/'-profitable deviation is

supp p-detectable. Therefore, since the set of deviations is compact, it follows that

oy Ail(Bi, pi) AU (| Bs, pi
sup inf Z(gl,pl) (Bi, pi) (jlfTL pi) _ KZ‘T < oo,
2i>0 (a™,sT) Z(ghpi) Ai(Bi, pi) ALx(sT|a”, By, pi)

where (a”, s) € supp p in the inf above and

ALr(s"|a”, i, pi)) = APr(st|a”, Bi, ps)/ Pr(s"|a’).

Indeed, if K" = oo then for every (a’, s7) the denominator is 0, but this implies that a
pr-profitable, supp p7-undetectable deviation exists. Everything is finite, so the inf
and sup above are attained at (a’, 57) and ), respectively. Let A; = > (Bipi) j\i(ﬁi, Pi)
and 61(5@%) = S\z(ﬁzapz)/]\z

The dual above is solved by (aZ, §7) and A as above such that

Pr(s7|aT) = 3 Ni(Bi p)AP(GT(AT, B pr) = 0.
(Bi>pi)

To see this, for a given deviation profile A to solve the dual (and not honesty and
obedience), it is clearly necessary that > . Ni(B;, pi) AU (7| B, pi) > 0. 1f there
is no (a”, s”) such that

Pr(s"|a™) = > Xi(Bi, p) APr(s"|a", Bi, pi) = 0 (%)
(Bispi)
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then A\ cannot solve the dual. Otherwise, it is possible to increase A; for each i an

further decrease the objective without violating the dual constraints.

Rearranging it follows that for any (a”, s”) such that (x) holds,

Ai = 1/ Z O-i(/Bhpi)ALr<ST|aTvﬁiapi)~
(Bi,pi)

Of course, given o;, as A; is gradually increased from 0, the first (a”,s”) to hit the

constraint () will be the pair (a’, 87) that solves

max Ai(Biy pi) ALz (s T|a s Bis pi)-

aT ,sT
( ) (Bzapz)

Given A that solves the dual and (a”, 57) as above, the objective becomes

ZU M Z,@ p)Ui(ﬁi,Pz’)AU'(Mzmﬁmpz ZU P
T Z(,BZ i) Uz(ﬁupz)ALr(STkLT,ﬁhpZ — T Z’

as claimed.

The final step in the proof will be to show that K — 0 as T' — oo. Let A and

(aT, 57 satisfy

= KTF Vi.

)

2 (8.00) o) Xi(Bi, i) AU (1| B, pi)
Z(ﬁi,m i(Bi, pi) ALr(3T]a”, B;, pi)

Since p7' is a T-repetition of p™, without loss the solution ¢ above is the 7-repetition,

where 7 < T, of a deviation in the stage game and (a’, 57) is also a T-repetition of

some stage-game profile (a,s). Let ||Aw;|| = max(,y, {uz(a i, bi) —u;(a)}, so
k7 < Wr/D)auw]
' 7 ATLr(s|a, 0;)

where .

> ips) Tilai; b, pi) Pr(sla—i, by, p;)
Pr(s|a)

Finally, since 32, . 0i(ai, bi, pi) Pr(sla_;, b;, pi)/ Pr(s|a)]” > 1 (otherwise (x) fails),

it follows that A™Lr(s|a, ;) > 7ALr(s|a, 0;), hence

ATLr(sla, 0;) =

Aug|
KT < H—l — 0 T — oo.
" 7 TLr(sla,0;) as o0

This completes the proof of Theorem 1.
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7 Extension

[In this section I intend to extend the previous results to arbitrary multistage games.]

8 Conclusion

[To be written. |
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