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Abstract

We consider the asymptotic value of two person zero-sum repeated games. We extend re-
sults due to Laraki (2001) (2010), obtained for incomplete information games, splitting games
and absorbing games in the discounted case using comparison arguments. The technique of
proof consists in embedding the discrete repeated game into a continuous time one and to use
viscosity solution tools. The results extend to general decreasing evaluations of the stream of
stage payoffs.
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1 Introduction

In this paper we are interested in the asymptotic value of two person zero-sum repeated games.
Our aim is to show that techniques which are typical of continuous time games (“viscosity solu-
tion”) can be used to prove the convergence of the discounted value of such games as the discount
factor tends to 0, as well as the convergence of the value of the n—stage games as n — 4o0.
The originality of our approach is that it provides the same proof for both classes of problems.
It also allows to handle general decreasing evaluations of the stream of stage payoffs, as well as
situations in which the payoff varies “slowly” in time. We illlustrate our purpose through three
typical problems: repeated games with incomplete information on both sides, first analyzed by
Mertens-Zamir (1971) [11], splitting games, introduced by Laraki (2001) [6] and absorbing games,
studied in particular by Kohlberg (1974) [5]. For the splitting games, we show that the value of
the n—stage game has a limit, which was not known yet. In order to better explain our approach,
let us first recall the definition of Shapley operator for stochastic games, and its adaptation to
games with imperfect information. Then we briefly describe the operator approach and its link
with the viscosity solution techniques used in this paper.
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1.1 Discounted stochastic games and Shapley operator

A stochastic game is a repeated game where the state changes from stage to stage according to
a transition depending on the current state and the moves of the players. We consider the two
person zero-sum case.

The game is specified by a state space €1, move sets I and J, a transition probability p from
I xJxQ— A(Q) and a payoff function g from I x J x Q — IR. All sets A under consideration
are finite and A(A) denotes the set of probabilities on A.

Inductively, at stage n = 1, ..., knowing the past history h, = (w1,%1, 1, -+, tn—1, Jn—1,Wn), Player
1 chooses i, € I, player 2 chooses j, € J. The new state w,4+1 € €1 is drawn according to
the probability distribution p(in,jn,wn). The triplet (i,,Jjn,wn+1) is publicly announced and
the situation is repeated. The payoff at stage n is g, = g(in, jn,wn) and the total payoff is the
discounted sum >, A(1 — \)""1g,.

This discounted game has a value vy (Shapley, 1953 [16]).

The Shapley operator T(\,-) associates to a function f in IR® the function:

T(A f)(w) = valamxawAg(@,y,w) + (1= A) Z pla,y,w) (@) f (@)] (1)

where g(z,y,w) = Ezy9(i, j,w) = >, ; 7:y;9(i, j,w) is the multilinear extension of g(.,.,w) and
similarly for p(.,.,w), and val is the value operator

val = max min = min max .
ADXAT) = CA(D yedl))  yeAl)) zenll)

The Shapley operator T(\,-) is well defined from R to itself. Its unique fixed point is vy
(Shapley, 1953 [16]).

1.2 Extension: repeated games

A recursive structure leading to an equation similar to the previous one (1) holds in general for
repeated games described as follows:

M is a parameter space and ¢ a function from I x J x M to IR. For each m € M this defines
a two person zero-sum game with action spaces I and J for Player 1 and 2 respectively and
payoff function g(m,.). The initial parameter m; is chosen at random and the players receive
some initial information about it, say a; (resp. by) for player 1 (resp. player 2). This choice
is performed according to some initial probability m on A x B x M, where A and B are the
signal sets of both players. At each stage n, player 1 (resp. 2) chooses an action i, € I (resp.
Jn € J). This determines a stage payoff g, = g(in, jn, mn), where m,, is the current value of the
parameter. Then a new value of the parameter is selected and the players get some information.
This is generated by a map p from I x J x M to probabilities on A x B x M. Hence at stage
n a triple (an+41,bp41,Mnp+1) is choosen according to the distribution p(iy, jn, my). The new
parameter is m,11, and the signal a,11 (resp. b,41) is transmitted to player 1 (resp. player 2).
Note that each signal may reveal some information about the previous choice of actions (i, j,)
and both the previous (m,,) and the new (my1) values of the parameter.

Stochastic games correspond to public signals including the parameter.

Incomplete information games correspond to an absorbing transition on the parameter (which
thus remains fixed) and no further information (after the initial one) on the parameter.
Mertens, Sorin and Zamir (1994) [12] Section IV.3, associate to each such repeated game G an
auxiliary stochastic game I' having the same values that satisfy a recursive equation of the type
(1). However the play, hence the strategies in both games differ. More precisely, in games with
incomplete information on both sides, M is a product space K x L, 7 is a product probability
p®q with p e P = A(K), ¢ € Q = A(L) and in addition a; = k and by = ¢. Given the



parameter m = (k, ), each player knows his own component and holds a prior on the other
player’s component. From stage 1 on, the parameter is fixed and the information of the players
after stage n is ap+1 = bpt1 = {in, jn}-

The auxiliary stochastic game I" corresponding to the recursive structure can be taken as follows:
the “state space” € is P x (Q and is interpreted as the space of beliefs on the true parameter.

X = AKX and Y = A(J)" are the type-dependent mixed action sets of the players; g is
extended on X x Y x M by g(z,y,p,q) = Ek,é pEatg(ar vt k, 0).

Given (z,y,p,q), let x(i) = 3., 2¥p* be the probability of action i and p(i) be the conditional

k. .k
probability on K given the action 4, explicitely p¥(i) = I; (f)’ (and similarly for y and q).
In this framework the Shapley operator is defined on the set F of continuous concave-convex

fonctions on P x @ :

T\ f)(p,q) = valxxy {Ag(p, ¢, 2, 9) + (1= A) > 2(i)y(5) f(p(i), a(i)} (2)

i7j

and vy(p,q) is the unique fixed point of T(\,.) on F. These relations are due to Aumann and
Maschler (1966) [1] and Mertens and Zamir (1971) [11].

1.3 Extension: general evaluation

The basic formula expressing the discounted value as a fixed point of the Shapley operator
Uy = T(A7 U)\) (3)

can be extended for values of games with the same plays but alternative evaluations of the stream
of payoffs {g,}.

For example the n-stage game with payoff defined by the Cesaro mean %Z:;:l gm has a value
v, and the recursive formula for these values is obtained similarly as

Up = T(;avn—l)

with obviously vy = 0.

Consider now an arbitrary evaluation probability u on IN*. The corresponding payoff in the game
is > fingn. Note that p induces a partition IT = {¢,,} of [0,1] with to = 0,t, = > . _{ ftm, ... and
thus the repeated game is naturally represented as a game played between times 0 and 1, where
the actions are constant on each subinterval (t,,—1,t,) which length p, is the weight of stage n
in the original game. Let v be its value. The corresponding recursive equation is now

v = val{tig1 + (1 — tl)EUHtl}

where II;, is the normalization on [0, 1] of the trace of the partition II on the intervall [¢;, 1].
If one defines Vi1(t,,) as the value of the game starting at time ¢, i.e. with evaluation i, 4, for
the payoff g,, at stage m, one obtains the alternative recursive formula

Vii(t,) = val{(tn+1 — tn)gn+1 + EVIr(tns1)}- (4)

The stationarity properties of the game form in terms of payoffs and dynamics induce time
homogeneity

Vii(tn) = (1 = ta)Vi,,, (0) ()

where, as above, II;, stands for the normalization of II restricted to the intervall [t,, 1].
By taking the linear extension of Vii(t,) we define for every partition II, a function Vi1(¢) on [0, 1].



Lemma 1 Assume that the sequence u, is decreasing. Then Vi1 is C-Lipschitz in t, where C is
a uniform bound on the payoffs in the game.

Proof. Given a pair of strategies (o,7) in the game G with evaluation II starting at time t,, the
total payoff can be written in the form

Eor(tint191 + oo + fngkgr + -]

where g is the payoff at stage k. Assume now that ¢ is optimal in the game G with evaluation
II starting at time t,1, then the alternative evaluation of the stream of payoffs satisfies, for all 7

Egrltins291 + oo + ki1 gr + -] = Vi(tng1,p, q).
It follows that

VH(tmpy Q) > VH(tn+1ypy Q) - |Ecm'[(:un+1 - ,un+2)91 + ...+ (,un-i-k - ,un-i-k-i-l)gk + ”

hence u,, being decreasing

VH(tTL7p7 q) > Vn(tn+17p7 q) - ﬂn—l—lc-

This and the dual inequality imply that the linear interpolation Vii(.,p, q) is a C' Lipschitz func-
tion. [

1.4 Asymptotic analysis: previous results

We consider now the asymptotic behavior of v,, as n goes to oo, or of vy as A goes to 0.

For games with incomplete information on one side, the first results proving the existence of
lim,,_, o, v, and limy_,g vy are due to Aumann and Maschler (1966) [1], including in addition an
identification of the limit as Cava(xyu. Here u(p) = vala(rxa(s) 2k p*g(z,y, k) is the value of
the one shot non revealing game, where the informed player does not use his information and
Cavg is the concavification operator: given ¢, a real bounded function defined on a convex set C,
Cavo(¢) is the smallest function greater than ¢ and concave, on C.

Extensions of these results to games with lack of information on both sides were achieved by
Mertens and Zamir (1971) [11]. In addition they identified the limit as the only solution of the
system of implicit functional equations with unknown ¢:

d(p, q) = Cavpen (k) min{o, u}(p, q), (6)
¢(p, q) = Vexgen(r) max{e, u}(p, q) (7)

Here again u stands for the value of the non revealing game:

U(p, q) = ValA(I)XA(J) Zpqug(x’ Y, k) E)
k0

and we will write MZ for the corresponding operator
6 = MZ(u). (8)

As for stochastic games, the existence of limy_wvy in the finite case (2,1, J finite) is due
to Bewley and Kohlberg (1976) [3] using algebraic arguments: the Shapley fixed point equation
can be written as a finite set of polynomial equalities and inequalities involving the variables
(N 2y (W), ya(w), va(w);w € Q) thus it defines a semi-algebraic set in some euclidean space IR",
hence by projection vy has an expansion in Puiseux series of A.

The existence of lim,,_,, v, is obtained by an algebraic comparison argument, Bewley and
Kohlberg (1976) [4].

The asymptotic values for specific classes of absorbing games with incomplete information are
studied in Sorin (1984), (1985) [17], [18], see also Mertens, Sorin and Zamir (1994) [12].



1.5 Asymptotic analysis: operator approach and comparison criteria

Starting with Rosenberg and Sorin (2001) [14] several existence results for the asymptotic value
have been obtained, based on the Shapley operator: continuous absorbing and recursive games,
games with incomplete information on both sides, and for absorbing games with incomplete
information on one side, Rosenberg (2000) [13].

We describe here an approach that was initially introduced by Laraki (2001) [6] for the discounted
case. The analysis of the asymptotic behavior for the discounted games is simpler because of its
stationarity: v) is a fixed point of (3). Many discounted game models have been solved using a
variational approach (see Laraki [6], [7] and [10]).

Our work is the natural extension of this analysis to more general evaluations of the stream of stage
payoffs including the limit of Cesaro mean. Recall that each evaluation of the stream of payoffs is
interpreted as a discretization of an underlying continuous time game. We prove for several classes
of games (incomplete information, splitting, absorbing) the existence of a (uniform) limit of the
values of the discretized continuous time game as the mesh of the discretization goes to zero. The
basic recursive structure is used to formulate variational inequalities that have to be satisfied by
any accumulation point of the sequences of values. Then an ad-hoc comparison principle allows to
prove uniqueness, hence convergence. Note that this technique is a simple transposition to discrete
games of the numerical schemes used to approximate the value function of differential games via
viscosity solution arguments, as developed in Barles-Souganidis [2]. The main difference is that,
in our case, the limit equation is singular and does not satisfy the conditions usualy required to
apply the comparison principles.

To sum up, the paper unifies tools used in discrete and continuous time approaches by dealing
with functions defined on the product state x time space, in the spirit of Vieille (1992) [21] for
weak approachability or Laraki (2002) [8] for the dual game with lack of information on one side,
see also Sorin (2005) [20].

2 Repeated Games with Incomplete Information

Let us briefly recall the structure of repeated games with incomplete information: at the beginning
of game the pair (k, /) is chosen at random according to some product probability p ® g where
p€ P =A(K) and ¢ € Q = A(L). Player 1 knows k while player 2 knows ¢. At each stage
n of the game, player 1 (resp. player 2) choses a mixed strategy x, € X = (A(I))¥X (resp.
yn €Y = (A(J))K). This determines a payoff g(x,,%n,p,q). In the discounted case, the total
payoff is given by > A(1 — A)"g(zn, Yn,p,q) and we denote by vy(p, q) the corresponding value.
In this framework the Shapley operator is defined on the set F of continuous concave-convex
fonctions on P x Q :

T\ f)(p,q) = valxxy {Ag(p, ¢, 2, 9) + (1= A) > 2(i)y(4) f(p(i), a(i)} (9)

i7j

where, given (z,y,p,q), ¥(i) = >_,2Fp¥ is the probability of action i and p(i) be the conditional
pral
(i)
ua(p, q) is the unique fixed point of T(A,.) on F ([1], [11]). In particular, vy is concave in p and
convex in q.

probability on K given the action i, namely: p*(i) = (and similarly for y and ¢). Recall that

2.1 The discounted game

We now describe the analysis in the discounted case. We follow here Laraki (2001) [6].
Note that the family of functions {vy(p,q)} is C—Lipschitz continuous, where C' is an uniform
bound on the payoffs, hence relatively compact. To prove convergence it is enough to show that



there is only one accumulation point (for the uniform convergence on P x Q).
Note that by (3) any accumulation point w of the family {vy} will satisfy

w = T(0,w)

i.e. is a fixed point of the projective operator, see Sorin [19], appendix C.

Explicitly here: T(0,w) = valxxv{>_;; z())y(i)w(p(i),q(j))} = valxxyEqsypw(p;q), where
p = (p"(i)) and G = (¢'(5))-

Let S be the set of fixed points of T(0,-) and Sy C S the set of accumulation points of the family
{vy} . Given w € Sy, we denote by X(p,q,w) € A(I)! = X the set of optimal strategies for
player 1 (resp. Y(p,q,w) C A(J)* =Y for player 2) in the projective game with value T(0, w)
at (p,q). A strategy x € X of player 1 is called non-revealing at p, x € NRx(p) if p = p a.s.
(i.e. p(i) = p for all + € I with x(7) > 0) and similarly for y € Y. Note that the value of the non
revealing game satisfies

U(p, q) = ValNRx(p)XNRy(q)g(:Evyvpv (]) . (10)

A subset of strategies is non-revealing if all its elements are non-revealing.
Lemma 2 Let w € Sy and X(p,q,w) C NRx(p) then

w(p,q) < u(p,q).

Proof. Consider a family {v),} converging to w and x,, € X optimal for T'(\,,vy,)(p,q), see
(2). Fix j € J. Jensen’s inequality applied to (2) leads to

U)\n(p7 q) < /\ng(p,q,xn,j) + (1 - )\n)’U)\n(p, q)v v] eJ.

Thus
U)\n(pv q) < g(p7 q, $n7])
If z € X is an accumulation point of the family {z,}, then Z is still optimal in T(0,w)(p, q).

Since, by assumption X(p,q, w) C NRx(p), T is non revealing and therefore one obtains as A,
goes to 0:

w(p,q) < 9(z,7,p,9), VieJ.
So, by (10),

w < max ming(z,J =u .
(p,q) S clax  Tin 9(z,j,p,q) = u(p,q)

Consider now w; and wsy in S and let (po, go) be an extreme point of the (convex hull of) the
compact set in P x @ where the difference (w; — ws)(p, q) is maximal (this argument goes back
to Mertens Zamir (1971) [11]).

Lemma 3
X(po, qo,w1) € NRx(po), Y (po, qo, w2) C N Ry (qo)-

Proof. By definition, if z € X(po, qo,w1) and y € Y (po, qo, w2),

w1(po, q0) < By po,qow1 (P, q)
and
w2(p07q0) > E:E,y,po,qow2(]§7 (j)

Hence (p, G) belongs a.s. to the argmax of w; — we and the result follows from the extremality of
Po; qo- [ |



Proposition 4 limy_,qgvy exists.

Proof. Let w; and wse be two different elements in Sy. To fix the ideas we suppose that
maxw; — we > 0. Let (po,qo) be an extreme point of the (convex hull of) the compact set in
P x @ where the difference (w1 —ws)(p, ¢) is maximal. Then Lemmas 2 and 3 imply w1 (po, o) <
u(po, qo) < wa(po, o), hence a contradiction. The convergence of the family {vy} follows. ]

Given w € S let Ew(.,q) be the set of p € P such that (p,w(p,q)) is an extreme point of the
epigraph of w(., q).

Lemma 5 Let w € S. Then p € Ew(.,q) implies X(p,q,w) C NRx(p).
Proof. Use the fact that if x € X(p,q,w) and y € NRy(q)

w(p, Q) < Ex,y,p,qw(ﬁa q~) = Ex,pw(ﬁ7 Q)'

Hence one recovers the characterization through the variational inequalities of Mertens and Zamir
(1971) [11] and one identifies the limit as MZ (u).

Proposition 6 limy_.gvy = MZ(u)

Proof. Use Lemma 5 and the characterization of Laraki (2001) [7] or Rosenberg and Sorin (2001)
[14]. ]
2.2 The finitely repeated game

We now turn to the finitely repeated game: recall that the payoff at stage n is given by
% > k1 9(xk, Yk, p, q). We denote by v, the value of this game. We have the recursive formula:

1

o (p0) = magxmiy | ~g(,,p,) + (1= ) Y w()y(i)ns (00 a0))| = T(ovn). (11)

Given an integer n, let II be the uniform partition of [0, 1] with mesh % and write simply W,, for
the associate function Viy. Hence W, (1,p,q) := 0 and for m = 0,...,n — 1, W, (2, p, q) satisfies:

m—+1
n

Wo (Zopa) = max  min | Sg(eypa) + 3wy W pi)a()| (2)
0,

zeA(I)K yeA(J)L

Note that W, (%, p,q,w) = (1 — %) Un—m(p, q,w) and if W), converges uniformly to W, v,, con-
verges uniformly to some function v with W (¢, p,q) = (1 — t) v(p, q).

Let T be the set of real continuous functions W on [0, 1] x Px @ such that for all ¢ € [0, 1], W (¢, .,.) €
S. X(t,p,q, W) is the set of optimal strategies for Player 1 in T(0, W(¢,.,.)) and Y (¢,p,q, W) is
defined accordingly.

Let 7y be the set of accumulation points of the family {W,,} for the uniform convergence.

Lemma 7 7) # () and Ty C T .

Proof. W,(t,.,.) is C—Lipschitz continuous in (p,q) for the L' norm since the payoff, given
the strategies (o, 7) of the players, is of the form ZW pFq' AR (o, 7). Using Lemma 1 it follows
that the family {1¥,,} is uniformly Lipschitz on [0, 1] x P x @ hence is relatively compact for the
uniform norm. Note finally using (11) that 7o C 7. ]

We now define two properties for a function W € 7 and a C? test function ¢ : [0,1] — IR.



e P1: If t € [0,1) is such that X(¢,p,q, W) is non-revealing and W (-, p,q) — ¢(-) has a global
maximum at ¢, then u(p,q) + ¢'(t) >0

e P2: If t € [0,1) is such that Y (¢,p, ¢, W) is non-revealing and W (-, p,q) — ¢(-) has a global
minimum at ¢ then u(p,q) + ¢'(t) <0

Lemma 8 Any W € 7y satisfies P1 and P2.

Note that this result is the variational counterpart of Lemma 2.

Proof. Let ¢t € [0,1), p and g be such that X(t,p, ¢, W) is non-revealing and W (-, p,q) — ¢(-)
admits a global maximum at t. Adding the function s +— (s —t)? to ¢ if necessary, we can assume
that this global maximum is strict.

Let W) be a sequence converging uniformly to W. Define 6(n) € {0,...,p(n) — 1} such that
6(n)

0 is a global maximum of W ,(-,p,q) — ¢(-) on the set {0,...,p(n) — 1}. Since t is a strict
0(n)

maximum, one has Z5 — ¢, as n — co. From (12):

O(n 1 On)+1 . .
Wen) <%,p,q> max min o) ) T,Y, D, q +Z W (n) (%,p@),qm)

Let x, € X be optimal for player 1 in the above formula and let j € J be any (non-revealing)
pure action of player 2. Then:

0(n 1 . O(n)+1 )
W) (%,p, q) < Wg(wn,j,n q) + an(z)wcp(n) <%7pn(z)7Q>

By concavity of W) with respect to p, we have
6(n)+1 . > <H(n)+1 >
:En n —— Pnl?),q SW n — »Dq )
2 w2Vt (P i) < W (%55

hence:

0 < g(xn,J;p;q) +¢(n) [Wgo(m (%’p’ q> ~ Wewm <%’p’ q>] '
(n)

Since o) 182 global maximum of W,y (+,p,q) — ¢(-) on {0,...,¢(n) — 1} one has:

0 < g(@n, ;@) + ¢(n) [Qﬁ <0(:;27n+)1> -0 (%ﬂ '

Since X is compact, one can assume without loss of generality that {z,} converges to some z.
Note that = belongs to X(¢,p,q, W) by upper semicontinuity using the uniform convergence of

W) to W. Hence z is non-revealing. Thus, passing to the limit one obtains:

so that:

0<g(z,j,pq) +d¢).

Since this inequality holds true for every j € J, we also have:

min g(z,j,p,q) + ¢'(t) >0
JjeJ



Taking the maximum with respect to z € NRx(p) gives the desired result:

u(p,q) +¢'(t) = 0.

]
The comparison principle in this case is given by the next result.
Lemma 9 Let Wy and Wy in T satisfying P1, P2 and
o P3: Wi(1,p,q) < Wa(l,p,q) for any (p,q) € A(K) x A(L).
Then Wi < Wy on [0,1] x A(K) x A(L).
Proof. We argue by contradiction, assuming that
o, Witpa) = Waltp,q)] = 6> 0.
Then, for € > 0 sufficiently small,
i(e) == max (Wi(t,p,q) — Wa(s,p,q) — (t—s)" +es] >0. (13)
t€[0,1],5€[0,1],pEP,qeQ 2¢e

Moreover d(¢) — 0 as € — 0.

We claim that there is (tc, Sc, e, ¢e), point of maximum in (13), such that X(¢c,pe,qe, W1) is
non-revealing for player 1 and Y (se, pe, ge, Wa) is non-revealing for player 2. The proof of this
claim is like Lemma 3 and follows again Mertens Zamir (1971) [11]. Let (t.,sc,pL,q.) be a
maximum point of (13) and C(e) be the set of maximum points in P x @ of the function:
(p,q) — Wi(te,p,q) — Wa(se,p,q). This is a compact set. Let (ps,q:) be an extreme point
of the convex hull of C(¢). By Caratheodory’s theorem, this is also an element of C'(g). Let
Ze € X(te,Pes qe, W1) and y: € Y (Se, pe, ¢e, Wa). Since Wi and Ws are in 7, we have:

Wl(tmpaa Qa) - W2(Saapay%) < Zxa(l)ya(]) [Wl(taapa(i)a Qa(])) - W2(367pa(i)a Qa(]))] .
i

By optimality of (pe,qc), one deduces that, for every ¢ and j with z.(i) > 0 and y.(j) > 0,
(p=(i), 4= (j)) € C(e). Since (pe,q:) = >, ; ¥=()ye (7) (Pe(9), ¢ (§)) and (pe, ¢) is an extreme point
of the convex hull of C'(g) one concludes that (p:(i),q-(j)) = (pe, qe) for all ¢ and j: z. and y. are
non-revealing. Therefore we have constructed (., s¢, pe, ¢-) as claimed.
Finally we note that t. < 1 and s. < 1 for ¢ sufficiently small, because 6(¢) > 0 and W1(1,p,q) <
Wa(1,p, q) for any (p,q) € P x Q by P3.
Since the map ¢ — Wi (t, pe,q:) — % has a global maximum at t. and since X(t, pe, qc, W1)
is non-revealing for player 1, condition P1 implies that

t- — s
w(pe, qe) + — . £>0. (14)

2
In the same way, since the map s — Ws(s, pe, qc) + % — &5 has a global minimum at s. and

since Y (S¢, P, qe, Wa) is non-revealing for player 2, we have by condition P2 that

te — S¢

w(pe, ¢) + +e<0.
This latter inequality contradicts (14). ]

We are now ready to prove the convergence result for lim, o vy.



Proposition 10 W, converges uniformly to the unique point W € T that satisfies the variational
inequalities P1 and P2 and the terminal condition W (0,p,q) = 0.

Consequently, v,(p,q) converges uniformly to v(p,q) = W(0,p,q) and W (t,p,q) = (1 — t)v(p,q),
where v = MZ(u).

Proof. Let W € 73. From Lemma 8, W satisfies the variational inequalities P1 and P2.
Moreover, W (1,p,q) = 0. Since, from Lemma 9, there is at most one function fulfilling these
conditions, we obtain convergence of the family {W,,}.

Consequently, v, (p, q) converges uniformly to v(p,q) = W(0,p,q) and W (t,p,q) = (1 — t)v(p, q).
In particular if one considers ¢(t) = W (¢,p,q) as test function, then ¢'(¢t) = —v(p,q). Now P1
and P2 reduce to Lemma 2 hence via Lemma 5 to the variational characterization of MZ(u). m

2.3 General evaluation

Consider now an arbitrarly evaluation probability p on IN* with u,, > p,+1 inducing the partition
IT. Let Vii(tg, p, q) be the value of the game starting at time 5. One has Vi1(1,p,q) := 0 and

Vn(tn,p,q)zggggg pn19(2,y,0,9) + > 2 (i)y()Vir(tns, p(),4(5)) | - (15)
i

Moreover Vi1 belongs to F and is C' Lipschitz in (p, q).

Lemma 1 then implies that any family of values Viy(,,) associated to partitions II(m) with
u1(m) — 0 as m — oo has an accumulation point. Denote by 77 the set of those. Then 773 C 7
by (15) and lemma 8 extends in a natural way: let V € 7; and Vii(m) — V uniformly. Let t™ be
a global maximum of Vii() (., p,q) — #(.) on II(m). Then ¢7 — t and one has

0< g(xn7j7p7 Q) + [VH(m) (t:?;—i-lapa Q) - VH(m) (tzl7p7 Q)]

fin (M)

hence
1

pin (M)

0 <g(xn,Jj,p.q) +

and letting n — oo the result follows.
Using Lemma 9 this implies the convergence. Thus:

Proposition 11 Vi) converges uniformly to the unique point V- € T that satisfies the varia-
tional inequalities P1 and P2.

Consequently, vrir)(p,q) converges uniformly to v(p,q) = V(0,p,q) and V(t,p,q) = (1—t)v(p,q).
Moreover v = MZ(u).

In particular the convergence of {Viy(,)} for any family of decreasing partitions allows to use
limy_,g vy to characterize the limit.
3 Splitting games

We consider now the framework of splitting games, Sorin (2002) [19], p. 78. Let P and @ be
two simplexes (or product of simplexes) of some finite dimensional spaces, and H a C-Lipschitz
function from P x @ to IR. The corresponding Shapley operator is defined on continuous real
functions f on P x @ by

T f)pa) =val oy, ene /P XQ[(AH @' q)+ 1 =N fd)puldp)v(dg')
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where Mf stands for the set of Borel probabilities on P with expectation p (and similarly for
M.

The associated repeated game is played as follows: at stage n+1 knowing the state (py, ¢,) player
1 (resp. player 2) chooses pp4+1 € Mzﬁ (resp. v € M%) A new state (pn41,@n+1) is selected
according to these distributions and the stage payoff is H(pn+1, ¢n+1). We denote by V) the value
of the discounted game and by v,, the value of the discounted game.

A procedure analogous to the previous study of discounted games with incomplete information
has been developed by Laraki [6], [7], [9].

3.1 The discounted game

The next properties are established in Laraki (2001) [7].
Let G be the set of C-Lipschitz functions that are concave convex on P X Q.

Lemma 12 The Shapley operator T(\,-) maps G to itself and Vy(p,q) is the only fized point of
T(\.) inG.

The corresponding projective operator is the splitting operator W:
V(f)(p,q) = valyp, @ /P o @', d"u(dp')v(dg) (16)
X

and we denote again by S its set of fixed points. Given W € S, P(p,q, W) C M; denotes the set
of optimal strategies of player 1 in (16) for ¥(W)(p,q). We say that P(p,q, W) is non-revealing
if it is reduced to 6,, the Dirac mass at p. We use the symmetric notation Q(p, ¢, W) and termi-
nology for player 2.

We define two properties for functions in S.
e PP1: If P(p,q, W) is non-revealing, then W (p,q) < H(p,q).

e PP2: If Q(p,q, W) is non-revealing, then W (p,q) > H(p,q)

Proposition 13 V) converges uniformly to the unique point V€ S that satisfies the variational
inequalities PP1 and PP2.

The link with the MZ operator is as follows: as in Lemma 5 one defines:
e QQ1: If p € EW(.,q), then W(p,q) < H(p,q).
e QQ2: If g € EW(p,.), then W(p,q) > H(p,q)

(where, as before, £V denotes the set of extreme points of a convex or concave map V). Then
one has

Proposition 14 Let G € G. Then G satisfies QQ1 and QQ2 iff G = MZ(H).

3.2 The finitely repeated game

Recall the recursive formula defining by induction the value of the n stage game v, € G, using
Lemma 12:

on (p,0) = valyp, e /PXQ[%H(IJ’, q)+(1— %)vn_l(pﬂQ')]u(dp’)V(dq’) = T(%, Vo-1). (17)

11



For each integer n, let Wy,(1,p,q) := 0 and for m = 0,...,n — 1 define W,,(**, p, q) inductively as
follows:

m 1 m+1 , ,
Wo (5rom0) = el [ LHOL) + WaP g naviad) - 18)
By induction we have W, (%, p, q) = (1 — —) Un—m(p, q). Note that W, is the function on [0, 1] x
P x @ associated to the uniform partition of mesh rlL

Lemma 15 W, is Lipschitz continuous uniformly in n on {Z, m € {0,...,n}} x P x Q.

n’?

Proof. By Lemma 12 W,(t,.,.) belongs to G for any t. As for Lipschitz continuity with
respect to ¢, we have, if p is optimal in (18) and by Jensen inequality:

IN

Jovo s HW, @) + Wa (" o, q)du(p')
< Il n||oo —I-W (my—l—ljqu).

m
Wn(z7p7 Q)

On gets the reverse inequality Wy, (™, p,q) > —% + W, (m:[ mtl g q) with the symmetric argu-
ments. Therefore Wy, (-, p, q) is || H||co—Lipschitz continuous. ]

Let 7 be the set of real continuous functions W on [0,1] x P x @ such that for all ¢ €
[0,1], W (t,.,.) € S. P(t,p,q, W) is defined as P(p,q, W (¢, .,.)) and Q(t, p,q, W) as Q(p, q, W(t, ., .)).
Let 7y be the set of accumulation points of the family W,,. Using (18), we have that 7o C 7.

We introduce two properties for a function W € 7 and any C' test function ¢ : [0,1] — IR.

e PS1: If, for some t € [0,1), P(¢,p,q, W) is non-revealing and W (-, p,q) — ¢(-) has a global
maximum at ¢, then H(p,q) + ¢'(t) >0

e PS2: If, for some t € [0,1), Q(¢t, p,q, W) is non-revealing and W (-, p,q) — ¢(-) has a global
minimum at ¢ then H(p,q) + ¢'(t) <0

Lemma 16 Any W € 1, satisfies PS1 and PS2.

Proof. The proof is very similar to the proof of Lemma 8.

Let t € [0,1), p and ¢ be such that P(¢,p,q, W) is non-revealing and W (-, p,q) — ¢(-) admits a
global maximum at ¢. Adding (- —t)? to ¢ if necessary, we can assume that this global maximum
is strict.

Let W) be a sequence converging uniformly to W. Define 6(n) € {0,...,¢(n) — 1} such that

(n) -
p(n)

we have % — t. By (18) we have that:

is a global maximum of W) (+,p,q) — ¢(-) on {0,...,p(n)—1}. Since ¢ is a strict maximum,

0(n 1 e 0(n r ., ., ’ ’
Wen) (%qu) =valy e, @ /PXQ[WH(IJ,Q)+W¢(n>(%,p7w]u(d1) Jv(dq').

Let i, be optimal for player 1 in the above formula and let v = 5q be the Dirac mass at q. Then:

Won) <%,p,q> S/P%H(p q)pn(dp") /W ,p’,qmn(dp’)-

By concavity of W) with respect to p, we have
O(n) +
W ,pq n(dp") £ Wy (=D, 4
[ Wetw i ) < W (== 1)
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Hence:
0< /PH(p’,q)un(dp’) +e(n) [W<p(n) (%’p’ q> ~ Wet <%’p’ q>] '

Since % is a global maximum of W,y (-, p,q) — ¢(-) on {0,...,(n) — 1} one has:

0< [ HO ) + oo [ (M50 ) o (2] (19)

Since Mf is compact, one can assume without loss of generality that {u,} converges to some pu.

Note that p belongs to P(t,p,q, W) by upper semicontinuity and uniform convergence of W)
to W. Hence p is non-revealing: p = d,. Thus, passing to the limit in (19) one obtains:

So that

0< H(p,q) + ¢'(t).

|
The comparison principle in this case is given by the next result.
Lemma 17 Let W1 and Wy in T satisfying PS1, PS2 and
e PS3: Wi(1,p,q) < Wa(1,p,q) for any (p,q) € A(K) x A(L).
Then Wi < Wy on [0,1] x A(K) x A(L).
Proof. The proof is very similar to the proof of Lemma 9.
We argue by contradiction, assuming that
max [Wl(tapa q) - WQ(t7p7 Q)] =0>0.
te[0,1],pe P,geQ
Then, for e > 0 sufficiently small,
(t —s)?
i(e) == max (Wh(t,p,q) — Wa(s,p,q) — +es] >0. (20)

t€[0,1],s€[0,1],pEP,qeQ 2e

Moreover 6(e) — 0 as e — 0.

We claim that there is (tc,Se,Pe,qe), point of mazimum in (18), such that P(t.,pe,qe, W1) is
non-revealing for player 1 and Q(se, pe,qe, Wa) is non-revealing for player 2. Let (t., s.,pL,q.) be
a mazximum point of (18) and C(e) be the set of maximum points in P x Q of the map (p,q) —
Wi(te,p,q) —Wa(se,p,q). This is a compact set. Let (pe,q:) be an extreme point of the convex hull
of C(g). By Caratheodory’s theorem, this is also an element of C(e). Let pe € P(te, pe, qe, W1)
and ve € Q(Se, Pe, qey Wa). Since Wi and Wy are in T, we have:

Wi(te,pe,qe) — W2(8&‘7p€7 qe) < / o [Wl(tmp,a q/) - W2(Saap/a q/)] Na(dp,)Va(dq/)
Px

By extremality of (pe, qe), one deduces that p. = 6p. and p. = 6p.. Therefore we have constructed
(te, SeyDe,y qe) as claimed.

Finally we note that t. < 1 and s. < 1 for e sufficiently small, because §() > 0 and W1 (1,p,q) <
Wa(1,p,q) for any p,q by P3.

13



2
Since the map t — Wi (t,pe,qec) — % has a global mazimum at t. and since P(tc, pe,q-, W1)

is mon-revealing for player I, condition PS1 implies that

te — s
u(pe; ge) + ——— = 0. (21)

2
In the same way, since the map s — Wa(S, e, qe) + % — s has a global minimum at s. and
since Q(Sz, De, qe, Wa) is non-revealing for player J, we have by condition PS2 that

te — 8¢

w(pe, qe) + +e<0.
This latter inequality contradicts (21). ]
1 suggest to drop the above part

We are now ready to prove the convergence result for lim,, . vy,:

Proposition 18 W,, converges uniformly to the unique point W € T that satisfies the variational
inequalities PS1 and PS2 and the terminal condition W (1,p,q) = 0.

Consequently, vy, (p,q) converges uniformly to v(p,q) = W(0,p,q) and W (t,p,q) = (1 —t)v(p, q).
Moreover v=MZ(H).

Proof. Let W be any limit point of the relatively compact family W,,. Then, from Lemma 16,
W € 7 satisfies the variational inequalities PS1 and PS2. Moreover, W (1,p, q) = 0. Since, from
Lemma 17, there is at most one map fulfilling these conditions, we obtain convergence.

Consequently, v, (p, q) converges uniformly to V(p,q) = W(0,p,q) and W (t,p,q) = (1—t)V (p, q).

In particular if one choose as test function ¢(t) = W(t,p,q), then ¢'(t) = —V(p,q), so that
PS1 and PS2 reduce PP1 and PP2. On concludes by using the variational characterization of
MZ(u) in Proposition 14. ]

3.3 General evaluation

The same results extend to the general evaluation case defined by a partition II with u,, decreasing.
The existence of V17 is obtained in two steps. We first let Vi] to be 0 on [¢,,, 1] and define inductively
Vit (tm, ., .) for m < n by

Vit (tmspsq) = valy e, e /P Q[Nm+1H(p/7 ¢) + Vi (tmr1, 0/ @ )p(dp v (dg).  (22)
X

It follows that Vi € G by Lemma 12 and converges uniformly to V7. Then the proof follows
exactly the same steps than in Part 2.

3.4 Time dependent case

We consider here the case where the function H may depend on the stage.
To be able to study the asymptotic behavior one has to define H directly in the limit game: the
map H is a continuous real function on [0,1] x P x Q.

For each integer n, let Z,(1,p,q) := 0 and for m = 0,...,n — 1 define Z,(**, p, q) inductively
as follows:

m 1 m. ., m+1 , ’ /
Zn (g,p,q) =valy e, @ /PXQ[EH(FP’Q)+Z"(T’p’Q)]“(dp Jv(dg').  (23)
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By induction each function Z,(™,.,.) is in G and one can show as in Lemma 15 that Z, is
uniformly Lipschitz continuous on {%*, m € {0,...,n}} x P x Q.

m+1
Remark : An alternative choice is to replace 1y (z - ,0',q') by f m" H(t,p',q)dt.

Note that the projective operator is the same than in the autonomous case. Let 7 be the set
of real functions Z on [0, 1] x P x @ such that for all t € [0, 1], Z(¢,.,.) € S. We define P(t,p, q, Z)
and Q(t,p, q, Z) as before and denote by Zj the set of accumulation points of the family Z,. We
note that Zy C 7.

We define two properties for a function Z € 7 and all C! test function ¢ : [0,1] — IR.

e PST1: If, for some t € [0,1), P(¢,p,q, Z) is non-revealing and Z(-,p,q) — ¢(-) has a global
maximum at ¢, then H(¢,p,q) + ¢'(t) >0

e PST2: If, for some ¢t € [0,1), Q(¢,p,q, Z) is non-revealing and Z(-,p,q) — ¢(-) has a global
minimum at ¢ then H(t,p,q) + ¢'(t) <0

Lemma 19 Any Z € Z, satisfies PST1 and PST2.

Proof. Let t € [0,1), p and ¢ be such that P(t,p,q, Z) is non-revealing and Z(-,p,q) — ¢(-)
admits a global maximum at t. Adding (- — t)? to ¢ if necessary, we can assume that this global
maximum is strict.

Let Z,(,) be a sequence converging uniformly to Z. Define 6(n) € {0,...,¢(n) — 1} such that
0(n)

S0 is a global maximum of Z,, (-, p,q) — ¢(-) on {0,...,p(n) — 1}. ¢ being a strict maximum

o(n)
%—wﬁ. By (23) we have that:

9(”) > . 1 9(”) ’o 9(”)‘1'1 I, / /
Zomy | ——=>p,q ) = sup inf ——H(——=,p,q) + Zyn)(—F——,p,q)|uldp)v(dq).
oo (o o int, [ ) Zo G

Let 1, be optimal for player I in the above formula and let v = ¢, be the Dirac mass at ¢q. Then:

f(n) 1 on) , / fn)+1 /
Z p(n) <m7paQ> S/PWH(M,}%Q),Un(dp)+/PZgo(n)(W7p,Q)Mn(dp)-

By concavity of Z,,) with respect to p, we have

f(n)+1 p O(n)+1
Z \———~P,q ndp SZ i\~ D4
/p e o) Jnldp) = Zeo (o) )
Hence:
0 [ HEE a4 60) | Zuy (N 0) = Zoy (S|
Since ((Z)) is a global maximum of Z,,)(-,p,q) — ¢(-) on {O .,p(n) — 1} one has:

o (55 (300 <0 (252) -+ (22

Since Mf is compact, one can assume without loss of generality that {u,} converges to some u.
Note that u belongs to P(t, p,q, Z) by upper semicontinuity and uniform convergence of Z, to
Z. Hence p = 0, is non-revealing. Thus, passing to the limit one obtains:

0< H(t,p,q) + &)
The comparison principle in this case is given by the next result.
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Lemma 20 Let Z1 and Zy in T satisfying PS1, PS2 and
e PS3: Z1(1,p,q) < Z5(1,p,q) for any (p,q) € A(K) x A(L).
Then Zy < Zy on [0,1] x A(K) x A(L).

Proof. We argue by contradiction, assuming that

Ztva -7 t,p, =§>0.
te[o,lﬁaé)%,qqu[ 1(t:p,9) = Z2(tp, q)]

Then, for € > 0 sufficiently small,

i(e) == max [Z1(t,p,q) — Z2(s,p,q) — +es] >0. (24)

t€[0,1],s€[0,1],pe P,qeQ

(t—s)?
2¢e

Moreover 6(¢) — § as € — 0.

Hence as before there is (t, sc, pe, ge), point of maximum in (13), such that P(t., pe,ge, W1) is
non-revealing for player I and Q(se, pe, g-, Wa) is non-revealing for player J.

Finally we note that t. < 1 and s. < 1 for € sufficiently small, because §(¢) > 0 and Z1(1,p,q) <
Zs(1,p,q) for any p,q by P3.

Since the map t — Z1(¢t,pe, q:) — (t_;;)Q has a global maximum at t. and since P(t¢, pe, gz, W1) is
non-revealing for player I, condition PST1 implies that

te — 8
H{(tepeyge) + ——— 20 (25)

2
In the same way, since the map s — Wa(s, pe, qc) + % — es has a global minimum at s. and
since Q(Se, pe, ¢e, W2) is non-revealing for player J, we have by condition PST2 that

te — se

H(887p87q€)+ +e<0.

This latter inequality contradicts (25), since H(.,p,q) is Lipschitz and |t. — sc| = o(e).

We are now ready to prove the convergence result for Z,,:

Proposition 21 7, converges uniformly to the unique point Z € T that satisfies the variational
inequalities PST1 and PST2 and the terminal condition Z(1,p,q) = 0.

Remark : the same result obviously holds for any sequence of decreasing evaluation.

Proof. Let Z be any limit point of the relatively compact family Z,,. Then, from Lemma 19,
W € 7 satisfies the variational inequalities PST1 and PST2. Moreover, Z((1,p,q) = 0. Since,
from Lemma 20, there is at most one map fulfilling these conditions, we obtain convergence. m

On peut ajouter l’extension des resultats d’A.S. On definit

m 1. m m+1
n n o n n

ou plus generalement pour toute evaluation 11, alors A, converge la solution de la Proposition

21.

16



4 Absorbing games

An absorbing game is a stochastic game where only one state is non absorbing. In the other
states one can assume that the payoff is constant (equal to the value) thus the game is defined by
the following elements: two finite sets I and J, two (payoff) functions f, g from I x J to [—1,1]
and a function p from I x J to [0,1].
The repeated game with absorbing states is played in discrete time as follows. At stagem = 1,2, ...
(if absorbtion has not yet occurred) player 1 chooses i,, € I and, simultaneously, player 2 chooses
Jm € J:
(i) the payoff at stage m is f (im, Jm);
(ii) with probability 1 —p (iy,, jm) absorbtion is reached and the payoff in all future stages n > m
is g (im, Jm) and
(iii) with probability p (im, jm) the situation is repeated at stage m + 1.

Recall that the asymptotic analysis for these games is due to Kohlberg (1974) [5] who also
proved the existence of a uniform value in case of standard signalling.

4.1 The discounted game

The X discounted game has a value, vy. Using the Shapley operator, vy is the unique real number
in [—1, 1] satisfying

vx = max min (\f(2,) + (1 A) pla, j)on + (1= A) F(z, )] (27)

zeA(I) j€J

where p*(i,7) = 1 — p(i,7) and f*(i,5) = p*(i,75)g(i,7) and any map ¢ : I x J — IR is extended
linearly to IR! x IR’ as follows: ¢(a,3) = > el jejo/ﬂjgp(z’,j).
A simple computation implies that the payoff r(\, x,y) induced by the stationary strategies
x € A(I) and y € A(J) is

(ey) 7 (@) (28)

r(\z,y) =

so that
— in r(\z,j 29
vy = max yénAlg])T( , T, ) (29)
The next result by Laraki (2010) [10] identifies the limit as the value of a one shot game on
(A(I) x IRL) x (A(J) x IR]) with payoff

(=) flz,y) + f(a,y) + f*(z,8)

Az, a,y,08) = Lope( + Loz )=01-
R R e I o (7 R e R

Proposition 22 ([10]) vy converges, as A goes to zero, to
U= VAL (R (a2 AT Y ) (30)

Proof. Let w = lim,,_,« vy, be an accumulation point of {v)} and consider an optimal stationary
strategy x (Ay,) of player 1 for vy, in (29). Thus, for every y € A(J) and [ € IR;]r one has, using

h ity:
A0 M)+ (- A P00y + M) o
T Ap@O) y+ MB) + () g+ aB)

By compactness of A(I), we can assume that = (\,) — .
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Case 1: p*(z,y) > 0. Letting A\, go to zero in (31) implies
w< @Y
p(x,y)

Case 2: p*(z,y) = 0. Let a(\,) = <w> , € RL. Hence, from equation (31), and
nJie

because p(z,y) = 1,

w < lim inf flay) + @0+ A=) f (oz()\n),y).
n—o0o 1 +p*(a:, 6) +p*(04()\n), y)
Since f* and p* are linear in y and J is finite, for any ¢ > 0, there is N(¢) such that, for every
y € A(J),

(32)

1+ 8) + (AN v)
Hence there exists (z,«) such that for any (y, 3)

w S A(x7a?y?ﬁ)'

+ €.

A(z,a,y, ) and the result follows by symmetry.
[ ]

Consequently, w < max min

AmxIRL) T A< IRY)

4.2 The finitely repeated game

The values {vy},_;  of the finitely repeated games satisfy:

. 1 n—1 n—1
Un = mmax min [Ef(x,y) + (@, y)vn-1 + ——f (x,y)] ,
with vg = 0.

For each integer n, define a function W,, on [0, 1] as follows: W, (1) =0 and for m =0,...,n — 1,
Whn(%) is specified inductively by:

) 1 m+1 n—m-—1_,,
n)_x?fé)yemﬁfb) [;f(:v,y)er(w,y)Wn( n )+ p f(ﬂc,y)]-

By induction, W, (™) = (1 - %) Un—m. Extend W, (-, p,q) to [0,1] by linear interpolation. Con-
sequently: W, (-) is a C' Lipschitz function and if W,, converges uniformly to some function W,
vy, converges to W(0) and W (t) = (1 —¢) W(0).

The projective operator is ®(v) = max,ea () mingea)(p(z,y)v + f*(z,y)) and S is his set of
fixed points. As usual the set Sy of accumulation points of {v,} is included in S.

Define the Hamiltonian H from [0, 1] x IR x IR — IR as follows. It is the value of a zero-sum game
where the strategies of Player 1 are of the form (z,a) € A([) x lRfr while strategies for Player 2
are (y,3) € A(J) x IR and the payoff is given by:

p*(z,y)
T p(a.y) +97(2.5) e
According to Proposition 22, this game has a value (just replace in the absorbing game the
function f with f + b and the function g with g — a):

H(t,a,b) = val

m

Wi (

h(t,a, b7x7047y75) = ( - a)l{P*(xvy)>0}

(A< R )x (A< IRY) h(t, a,b,z, .y, B)

The variational characterization for this class uses the following properties: for all ¢ € [0,1)
and any C! function ¢ : [0,1] — IR :
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e R1: If U(:) — ¢(-) admits a global maximum at ¢ then H(t,U(t), ¢ (t)) > 0.
e R2: f U(:) — ¢(-) admits a global minimum at ¢ then H(¢,U(t),¢'(t)) < 0.
Lemma 23 Any accumulation point U(-) of Wy (-)satisfies R1 and R2.

Proof. Let us prove the first variational inequality, the second being obtained by symmetry.
Let ¢ be such that U(-) — ¢(-) admits a global maximum at ¢. Adding (- — )2 to ¢ if necessary,
we can assume that this global maximum is strict.

Let W) converge to U and let % be a global maximum of W,,(-) — ¢(-) over the set
{%; m=20,---,¢(n) —1}. Then, % — t. Recall that, by definition:
0(n) ) 1 On)+1, @n)—060(n)—1,,
%% —) = — |14 .
e () = max, min | =0/ (@9) + (@, Y)Wy ( ooy T e (z,y)

Let z,, be optimal for player 1 in the above formula and let y € A(J). Thus:

f(n), 1 . . O(n)+1 p(n) —0(n) —1
Wgo(n)((’p(n)) < go(n) f( nay) +p( nay)Wap(n)( go(n) gp(n)

By compactness one can assume that x,, converges to some .
Case 1: p*(z,y) > 0. Letting n — oo implies:

U(t) < plz,y)U(t) + (1 =) f*(z,y)

) + [ (@n,y)

hence

(1 — t)f*(:Ev])

0< ,
p*(z,j)

—-U(t)

Case 2: p*(z,y) = 0.
Since p(xn,y) = 1 — p*(xyn,y), we deduce that:

O(n O(n)+1
W) = Wt (g 2)
I 0 I O et D on) +1
gp(n)f( nay)+ (p(n) f ( nay) p( nay)ch(n)( cp(n) )
Since % is a global maximum of W(,y(-) — ¢(-) one has:
f(n),  B(n)+1 O(n), O(n)+1
¢((,D(TL)) qb( gp(n) )<Wgo(n)((’0 n)) Wgo(n)( go(n) )
Consequently:
1 . e(n)—0(n)—1 " e 6(n)+1 O(n)+1,  0(n)
0< gp(n)f( nay)+ (,D(Tl) f ( my) p( nay)ch(n)( (p(n) )""‘b( (p(n) ) ¢(¢(n))

Let o, = p(n)zy, € My (I). Thus,

F*(0m) = (0, Y)Wt (PG + 0(0) |90 — (565)
p(zn,y) + p*(am,y)

Up to a subsequence, by linearity using the fact that J is finite, one may suppose that the right
hand term converges uniformly in y. Thus, for any £ > 0, there exist (z,«) such that for any
y e A(J):

p(n)—0(n)—1
f(wn,y) + o(n)

0<

flx,y) + (1 =) f*(a,y) — p* (e, y)U(t) + ¢/ (1)

— S
1+ p*(a,y)
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Consequently for any € > 0, H(t,U(t), ¢'(t)) > —e and so H(t,U(t),¢'(t)) > 0. [ |
The comparison principle for this class is the next result.

Lemma 24 Let Uy and Uy be two Lipschitz functions with U;(t) € S for all t € [0,1] satisfying
R1, R2, and

e R3: Ui(1) < Us(1).
Then Uy < Us on [0,1] x A(K) x A(L).
Proof. By contradiction, suppose

max [Uy(t) — Uy(t)] =6 > 0.
te[0,1]

Let € > 0 and set

i(e) = max  [U(t) — Us(s) — (t—s)° + es]
T (te)e0ax01]" 2 2e '
Then, 6(¢) — 0 as § — 0. Let
(t—s)?
(te, se) € arg max Uy (t) — Ua(s) — +es
£,5,p,q 2e

Note that, for e sufficiently small, t. < 1 and s. < 1 because U;(1) < Uz(1). Moreover, from
standard arguments, t. — s — 0 as ¢ — 0.

2
Since the map U (t) — % has a global maximum at t. € [0,1), we have by condition R1 that

t- —
H <t€,U1(t€), — 85) >0. (33)
In the same way, since the map s — Us(s) + % — es has a global minimum at s., we have by
condition R2 that .
H <sa, Us(se), — ; % 4 &?) <0. (34)

To simplify the expressions, let us set wj = Uy (t.), w5 = Ua(s.) and b, = ts%s& Let (z-,a.) €
A(I) x IRL be such that:

H(ta‘7wi7b€) S €2+ (ing)h(t€7w§7b67x87a67y75)
y7

and (ye, 8:) € A(J) x IR be such that

H(Sé‘)wgvbe + 6) 2 _€2+ sup h(867w§7b€ + €7$7aay€7ﬁ€) .

(z,q)

We now discuss two cases:

Case 1: There is a subsequence £ — 0 such that p*(zc,y.) > 0.
Then, from (33),

(1 - ta)f*(xmya) - p*(xayya)wi > _€2p*(xayya)
while, from (34),
(1= 5) f" (22, ye) — P" (e, Yy )ws < e7p* (22, 9e) -



Computing the difference between the two last inequalities, we get
(te = 52)f (e, ye) + (0] — w5)p™ (we, ye) < 252]9*(5176,3/6) )

Since f*(ine,ye) = Zi,j xs(l)ys(J)p*(%])g(Za]) and |9(Za])| < C one has |f*(3357y5)| < Cp*(ﬂig,yg),
hence

—C'|te — sc| + (0§ — ws) < 262

This leads to a contradiction as € — 0 because d(¢) — d > 0 and t. — s, — 0.

Case 2: p*(z.,y:) = 0 for any ¢ > 0 sufficiently small.
Then, letting in order to simplify the expressions: f. = f(z,ye), pi = p*(ae, ye) + p*(xe, B=), and
fr = *(ae,ys) + f*(ze, B=), we obtain:

fet U —to)fF = piwi + b > —e* (1+p}), (35)

and
f6+(1_36)f:_p:w§+b€ +5§52 (1+p:)- (36)

Computing and simplifying the difference between (36) and (35) we get
CpE It — sil + &+ pE(wf — w§) < 262(1+ pl).
So, dividing the above inequality by (1 + p}) implies that
min{e, w§ — w§ — C'|t. — s.|} < 262,
which is impossible because wi — w5 — 0 > 0 and t. —s. — 0 as e — 0. u

On n’a pas utilisé Lipschitz dans la preuve, seulement continu

Consequently, we obtain the uniform convergence of v, to v:
Theorem 25 v, converges to v =limwy and W, (t) converges uniformly to (1 —t)v.

Proof. The last two lemmas implies that W,, converges uniformly to the unique C-Lipschitz
function satisfying R1-R3. On the other hand, the function V' (¢) = (1 — t)v is C-Lipschitz and
trivially satisfies the inequalities. Consequently, V' (¢) is the limit of W,, and so v is the limit of
Un [ |

4.3 General evaluation

The proof and the result extend in a straightforward way to any sequence of decreasing evaluation
of the payoffs.

4.4 Remark

Lemma 24 does not use the fact that U;(¢t) € S. In fact this property implies that for any couple
of optimal strategies x in the projective game at U; and y in the projective game at Uz, one has
p*(x,y) = 0. This leads to a shorter proof and simpler variational characterization.

For w € S, let X(w) be the set of optimal strategies for player 1 and Y (w) be the set of
optimal strategies for player 2 in the limiting game at w. X(w) is called non absorbing if for
every x € X (w), there exists y € A(J) such that p*(z,y) = 0 and similarly for Y (w).

We introduce now two properties:
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Definition 26 Let w € S.

o R1: if X(w) is non absorbing then for any e > 0, there exists (v,a) € X (w) x IRL such

that for every (y,3) € A(J) X ]Ri with p*(z,y) =0, one has v < f(:i-yki;r{a(yoﬁzit(iv(ﬁx)ﬁ) +e.

e R2: if Y(w) is non absorbing then for any e > 0, there exists (y,3) € Y(w) x IR such

N ; * i f ) +f* ) +f* 75
that for every (z,a) € A(I) x rith with p*(z,y) = 0, one has v > (ﬁi{,n*(ailosﬂ,*(m’(ﬁ% )

— €.
Lemma 27 If w € Sy then w satifies R1 and R2.
Proof. Follows from the proof of Proposition 22. m
Lemma 28 Ifw; € S satisfies R1 and wo € S satisfies R2 then wi < ws.
Proof. Suppose that w; —wy =0 > 0. Let #1 € X (wy) and x5 € Y (w2). Then:
6 =wy —wy < p(x,y) (w1 — wz) = p(z,y)o

Thus, p*(z,y) = 1 — p(z,y) = 0. Consequently, X (w;) and Y (w2) are non absorbing. Hence, for
any € > 0 there exists (x,y, «, #) such that:

< flz,y) + f*(a,y) + f*(z,0)
1+ p(ayy) +p*(x, B)

+ €,

and

wy > fla,y) + [ (o y) + f*(x, B)
— 14 pH(ey) +p*(2,0)
implying that § < 2¢, a contradiction. m

+ e,

Corollary 29 v converges to the unique point in S satisfying R1 and R2.

5 Concluding comments

The main contribution of this approach is to provide a unified treatment of the asymptotic analysis
of the value of repeated games:

- it applies to all decreasing evaluations and shows the interest of the limiting game played on
[0,1]. Further research will be devoted to a formal construction and to the analysis of optimal
strategies.

- it allows to treat incomplete infomation games as well as absorbing games. We strongly believe
that similar tools will allow to analyze more general classes,

- it shows that technics introduced in diferential games where the dynamics on the state are
smooth can be used in a repeated game framework. On the other the stationary aspect of the
payoff in repeated games is no longer necessary to obtain asymptotic properties.
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